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We present new quantitative model describing the pressure dependence of acoustic P- and S-wave
velocities. Assuming that a variety of individual mechanisms or defects (such as cracks, pore collapse and
grain crushing) can contribute to the pressure-dependent change of the wave velocity, we order a
characteristic pressure to all of them and allow a series of exponential terms in the description of the (P-
and S-waves) velocity-pressure function. We estimate the parameters of the multi-exponential rock
physical model in inversion procedures using laboratory measured P- and S-wave velocity data. As is
known, the conventional damped least squares method gives acceptable results only when one or two
individual mechanisms are assumed. Increasing the number of exponential terms leads to highly
nonlinear ill-posed inverse problem. Due to this reason, we develop the spectral inversion method (SIM)
in which the velocity amplitudes (the spectral lines in the characteristic pressure spectrum) are only
considered as unknowns. The characteristic pressures (belonging to the velocity amplitudes) are
excluded from the set of inversion unknowns, instead, they are defined in a set of fixed positions
equidistantly distributed in the actual interval of the independent variable (pressure). Through this novel
linear inversion method, we estimate the parameters of the multi-exponential rock physical model using
laboratory measured P- and S-wave velocity data. The characteristic pressures are related to the closing
pressures of cracks which are described by well-known rock mechanical relationships depending on the
aspect ratio of elliptical cracks. This gives the possibility to estimate the aspect ratios in terms of the
characteristic pressures.
� 2022 Institute of Rock and Soil Mechanics, Chinese Academy of Sciences. Production and hosting by
Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

The pressure dependence of seismic/acoustic wave velocity in
different types of rocks has been in the focus of research for several
decades (Wyllie et al., 1958; Nur and Simmons, 1969; Stacey, 1976;
Yu et al., 1993; Darot and Reuschlé, 2000; He and Schmitt, 2006; Ji
et al., 2007; Sengun et al., 2011). It is well-known that the wave
velocity changes more quickly at the beginning of loading phase,
and later it is more slowly tending to a limiting value (Birch, 1960;
Yu et al., 1993; Best, 1997; Singh et al., 2006). Two main ideas have
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been published to explain this process: the closure of microcracks
(Walsh and Brace, 1964; Yu et al., 1993; Best, 1997; Sengun et al.,
2011; Shen et al., 2020) and the closure of pores (Birch, 1960;
Scholz and Kranz, 1974; Jones and Wang, 1981) in rocks placed
under pressure. Experiments demonstrate that besides other fac-
tors, the type of pore fluid (Toksöz et al., 1979; Khazanehdari and
McCann, 2005), the porosity and grain size (Prasad and Meissner,
1992; Prasad, 2002; Yu et al., 2016) influence the scale of pres-
sure dependence. To describe the nonlinear velocity vs. pressure
relationship, exponential functions are most commonly applied
(Wepfer and Christensen, 1991; Yu et al., 1993; Best, 1997; Wang
et al., 2005; Singh et al., 2006). In these empirical equations, the
coefficients of a regression curve fitted to the measured data are
given without any explanation of the physical background. A semi-
empirical model was published by Ji et al. (2003, 2007, 2013), in
which the pressure-dependent velocity was constructed using
oduction and hosting by Elsevier B.V. This is an open access article under the CC BY-
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some analogy with natural phenomena such as radioactive decay,
cooling, and vibration attenuation. Based on the Biot-Rayleigh
theory, an exact numerical modeling method was published by
Zhang et al. (2019a) to analyze the effect of crack characteristics on
wave propagation.

Based on the closing mechanism of microcracks, Dobróka and
Somogyi-Molnár (2012) presented a simple rock physical model
to describe the pressure dependence of the P- and S-wave velocities
in various rock samples (Somogyiné Molnár et al., 2015). The pa-
rameters of the model were determined through inversion of
laboratory-measured acoustic data. In this single exponential
model (SEM), the pressure closing almost all the cracks can easily
be estimated. It is straightforward to assume that two or more
kinds of defects (such as cracks, pore collapse and grain crushing)
can simultaneously exist in the rock samples influencing the
velocity-pressure relation. Due to this reason, the SEM should be
generalized. A double exponential approximation was proposed by
Saul and Lumley (2013) to describe the pressure-dependent
porosity, elastic properties and propagation velocity in unce-
mented sediments. A rock physical model assuming two mecha-
nisms influencing the pressure dependence of the propagation
velocity of P- and S-waves was introduced by Somogyiné Molnár
et al. (2019). In the present paper, the double exponential pres-
sure dependence is extended to a multi-exponential one. The pa-
rameters of the model (characteristic pressures and velocity
amplitudes) are determined through inversion of laboratory-
measured datasets.

The inversion of data depending on the combination of two or
more exponential functions is frequent in natural sciences. Expo-
nential decays are common in physics, medicine, biology,
geophysics, engineering, etc. In many phenomena, several expo-
nential processes are present simultaneously. Inversion or regres-
sion procedures are directed toward the determination of the
amplitudes of the decaying processes and also their decay rates.
The problem is broadly discussed in the literature (Householder,
1950; Gardner et al., 1959; Prony, 1795). An excellent overview of
the problem is given in Istratov and Vyvenko (1999).

In the case when the data show multi-exponential nature, the
inversion procedure is highly nonlinear and ill-posed. To reduce
these difficulties, we introduce the linear spectral inversion
method (SIM) in which the decay rates (characteristic pressures)
are excluded from the set of inversion unknowns. Instead, they are
defined in a set of fixed positions equidistantly distributed in the
actual interval of the independent variable (the pressure). Discus-
sing stress-dependent wave-velocities, the exponential factors
contain stress and characteristic pressure instead of time and decay
rate, respectively. The stability and accuracy of the new inversion
procedure are analyzed in this study. The parameters of the multi-
exponential model (MEM) are determined employing laboratory-
measured P- and S-wave velocities. In the knowledge of the char-
acteristic pressure, the closing pressure of the microcracks can be
estimated.

In a rock mechanical consideration by Walsh (1965), the closing
pressure was given as a function of the aspect ratio of spheroidal
cracks. The aspect ratio distribution was derived from the dry rock
compressibility curve by Morlier (1971). Cheng and Toksöz (1979)
applied a joint inversion technique to determining the discrete
pore aspect ratio spectrum through dry and saturated sandstone
velocity data. Zimmerman (1991) extended the discussion of the
problem in the framework of the effective medium theory. The
method was further developed by David and Zimmerman (2012). It
is shown in our discussion that the aspect ratios can also be esti-
mated using the characteristic pressures found by the inversion
based on the multi-exponential rock physical model. This gives the
possibility to estimate the aspect ratios in terms of the character-
istic pressures.
2. Theoretical background

A semi-empirical model containing a single exponential term in
describing the pressure dependence of the acoustic wave velocity
was published by Ji et al. (2003). A double exponential approxi-
mation was proposed by Saul and Lumley (2013) to describe the
pressure-dependent elastic properties and wave velocity in un-
consolidated sediments. A double exponential rock physical model
based on two different mechanisms influencing the pressure
dependence of the wave velocity of P- and S-waves was introduced
by Somogyiné Molnár et al. (2019). In the following, we extend the
model to a multi-exponential one.
2.1. The multi-exponential rock physical model

As a starting point, we summarize the single exponential rock
physical model based on the physical phenomenon of the closure of
microcracks. It is assumed that due to a ds pressure increase, the dN
change in the number of the open microcracks is proportional with
the N number of open microcracks (as extensive quantity) and the
pressure increase:

dN ¼ � lNds (1)

where the proportionality constant l is a positive material char-
acteristic (at increasing pressure, the number of open microcracks
is decreasing). The solution gives N ¼ N0 expð � lsÞ, where N0 is
the number of the open microcracks (in a unit volume) at s ¼ 0.
This exponential decay law is accepted for the crack density in the
literature (Zhang et al., 2019b).

Another basic assumption is that the dv infinitesimal change in
the wave velocity is also proportional to the change in the number
of microcracks:

dv ¼ � adN (2)

where the material parameter a is also positive (at increasing
pressure, dN � 0 and dv � 0). The solution of Eqs. (1) and (2) is

v ¼ v0 þ Dv0 ½1� expð� lsÞ� (3)

where v0 is the propagation velocity at zero pressure and

Dv0 ¼ aN0 (4)

According to Eq. (3) at increasing pressure, the acoustic wave
velocity increases from v0 and asymptotically tends to
vm ¼ v0 þ Dv0 (at high pressure, when approximately all micro-
cracks are closed). With these notations, the velocity-pressure
function can also be written as

vðsÞ ¼ vm � Dv0 expð� lsÞ (5)

where the material parameter l ¼ �dln½DvðsÞ�=ds can be consid-
ered as the logarithmic pressure sensitivity of the velocity change
DvðsÞ ¼ v0 � vðsÞ belonging to pressure s (Dobróka and Somogyi
Molnár, 2012), in which

DvðsÞ ¼ Dv0 expð� lsÞ (6)

A similar (dimensionless) material characteristic called elastic
piezo sensitivity was introduced by Shapiro (2003) as q ¼ l=C,
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where C is the compressibility of the hypothetic medium in which
all the microcracks are closed.

Eq. (6) is analogous to the relaxation phenomena extensively
studied in physics and chemistry following the expression FðtÞ ¼
F0 expð � t =tcÞ, where t is the time and tc is the characteristic time
constant (relaxation time). The latter gives the duration of decrease
in quantity F from its initial value F0 to its fraction F0= e, where e
denotes the basis of natural logarithm. In other words, it gives the
order of magnitude of time, along which the relaxation process
runs its course. Employing this similarity, we re-write Eq. (6) as

DvðsÞ ¼ Dv0 expð� s =s0Þ (7)

where sc ¼ 1=l is the characteristic pressure representing the
pressure interval inwhich the closing of the microcracks essentially
runs its course. More formally, sc means the pressure at which the
velocity increase is DvðscÞ ¼ Dv0=e. Based on Eq. (7), the velocity
change belonging to s ¼ 0 can be considered as the Dv0 amplitude
of the stress-dependent phase velocity change. This material
parameter depends on N0 (the crack density in the stress-free
state). The pressure-dependent velocity in Eq. (3) can also be
written as

vðsÞ ¼ vm � Dv0 expð� s =scÞ (8)

The above single exponential rock physical model has three
material parameters: phase velocity in the stress-free state v0,
maximal phase velocity increment Dv0 (related to the crack number
N0), and characteristic pressure sc. Instead of v0, the maximal phase
velocity vm ¼ v0 þ Dv0 can also be used as a material characteristic.

In a continuummechanical consideration, Walsh (1965) pointed
out that the closing pressure of a crack with an aspect ratio a is
approximated by

Pc ¼ aEf ðnÞ (9)

where E is the Young’s modulus of the rock; n is the Poisson’s ratio
of the rock; a ¼ b=a is the aspect ratio, in which a and b are the
length and width of the cracks, respectively; and f ðnÞ denotes the
expression defined differently for the penny-shaped and the
elliptical cracks in plain strain or plain stress. This means that flatter
cracks with aspect ratios of a � 1 are closed at smaller pressure
compared to more spherical voids with az1. Through Eq. (8), we
can see that by increasing the pressure, the velocity asymptotically
tends to vm and reaches the limit with an accuracy of around 0.5% at
s ¼ 5 sc. Thus, we can accept the closing pressure Pcz 5 sc as a
good approximation giving the following relation:

sc ¼ 0:2aEf ðnÞ (10)

Similar considerations were presented by Ji et al. (2003) in the
relation of Pc and l. The above equation shows that the character-
istic pressure sc can be related to the aspect ratio of the defects
(microcracks or pores) in the rock sample.

We call the above rock physical model containing only one
defect as SEM. The model parameters (vm; Dv0 ; sc) can be deter-
mined in the framework of an inverse problem using velocity data
measured at various pressures. Due to the terminology of inverse
problem theory, the pressure-dependent velocity in Eq. (8) repre-
sents the solution of the forward problem. Due to the exponential
term, this inverse problem is significantly nonlinear. The model can
easily be generalized to the case when two rock physical mecha-
nisms (or two families of randomly oriented cracks in the rock, each
having a constant aspect ratio significantly different from that of
the other family) exist in the rock sample. This model contains two
exponential terms and is called double exponential model (DEM),
while in case of three rock physical mechanisms we have the triple-
exponential model (TEM), defining a highly nonlinear inverse
problem.

The inversion of data depending on the combination of two or
more exponential functions is frequent in physics, chemistry,
biology, engineering sciences, etc. Inversion or regression proced-
ures are directed toward the determination of the amplitudes (as
Dv0i) of the decaying processes and also their decay rates (sci). The
problem is broadly discussed in the international literature from
the very beginning of Prony (1795) to a number of more recent
works such as Householder (1950), Gardner et al. (1959), Láncos
(1959), Istratov and Vyvenko (1999) and others. It is experienced
that the inversion procedure using forward models containing two
or more exponential terms often lead to an ill-posed problem with
the non-uniqueness and instability of the solution. To avoid these
difficulties, we developed a special inversion method (SIM) in
which we exclude the sci characteristic pressures from the group of
inversion unknowns retaining only the amplitudes resulting in a
linear inverse problem. To find an acceptable estimate for the
characteristic pressures, we define M equidistantly spaced points
along with the relevant interval of characteristic pressures and
order an unknown amplitude to all of them (M is limited by the
number of the measurement data in defining an overdetermined
inverse problem). This procedure requires defining the MEM.

In defining the MEM, we assume that we have M number of
hypothetical intrinsic effects simultaneously influencing the pres-
sure dependence of the wave propagation velocity. To each of them
belongs an extensive quantity with infinitesimal changes taking the
following form when the pressure has an increase of ds:

dJi ¼ � liJi ds ði ¼ 1; :::;MÞ (11)

Solving the equation, we find Ji ¼ J0i expð � lisÞ, where J0i
is the value of the i-th extensive quantity in a stress-free state (s ¼
0). Extending the validity of Eq. (2) to all of the M hypothetical
effects, we find

dvi ¼ � ai dJi (12)

Eq. (12) results in the total infinitesimal velocity changes as

dv ¼
XM
i¼1

ailiJ0ie
�lisds (13)

Assuming v0 as the wave propagation velocity in the stress-free
state, after integration one finds

v ¼ v0 þ
XM
i¼1

Dvi ½1� expð� lisÞ� (14)

where Dvi ¼ aiJ0i. With increasing pressure, the propagation
velocity increases from v0 to the limiting value of vm ¼ v0 þPM

i¼1Dvi . Using this relation, Eq. (14) gives

v ¼ vm �
XM
i¼1

Dvi expð�s =sciÞ (15)

where the characteristic pressure sci ¼ 1=li was introduced. Here,
vm is an upper limit to which the propagation velocity asymptoti-
cally converges. It is assumed in this model that during the
uploading phase, new defects are not generated. Fortin et al. (2007)
showed an investigation extended to a broad pressure interval (up
to 300 MPa) that above a critical pressure (P*) large mechanical
change in porosity and also in wave-velocity is observable due to
pore collapse and grain displacements. Our investigations are
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restricted to pressures much below P*, where the appearance of
new cracks or any kind of new defects are excluded.

Eq. (15) is the required formula of the MEM giving the pressure-
dependent wave propagation velocity. This rock physical model has
2M þ 1 material parameters: vm; Dv0i ; sci ði ¼ 1; :::;MÞ. In the
framework of the SIM, the number of unknowns is J ¼ M þ 1, and
the amplitudes belonging to physically irrelevant characteristic
pressures (their contributions given in Eq. (15) are not fitting to the
measured data) will tend to zero (the hypothetical intrinsic effects
behind them diminish).

In the knowledge of propagation times measured at different
pressures, the unknown model parameters can be determined us-
ing an inversion procedure. Due to the terminology of inverse
problem theory, Eq. (15) represents a highly nonlinear solution of
the forward problem. Special cases of the model can be defined as

vSEM ¼ vm � Dv01 expð�s =sc1ÞðSEM for caseM ¼ 1Þ (16)

vDEM ¼ vSEM � Dv02 expð�s = sc2ÞðDEM for case M ¼ 2Þ (17)

vTEM ¼ vDEM � Dv03 expð� s =sc3ÞðTEM for caseM ¼ 3Þ (18)

2.2. Inversion algorithms

The Damped Least Squares (DLSQ) algorithm is used throughout
the paper (Marquardt, 1959). Depending on the forward modeling
formulae two basic inversion procedures are defined.

2.2.1. Conventional DLSQ algorithm
The DLSQ algorithm is applied to determining the model pa-

rameters of the SEM, DEM and TEM. In the case of the SEM, the
forward problem given in Eq. (16) contains the parameters of the
model vector m ¼ ðDv01;sc1; vmÞ. We defined the DEM in Eq. (17)
where the model parameter vector of the DLSQ inversion is m ¼
ðDv01;Dv02;sc1;sc2; vmÞ. A similar definition of the TEM is given in
Eq. (18) with the unknown model of the DLSQ procedure m ¼
ðDv01;Dv02;Dv03; sc1; sc2; sc3; vmÞ. In this approach, the number of
unknowns is J ¼ 2 M þ 1 (M ¼ 1, 2 or 3) and the inverse problem is
significantly nonlinear because of the exponential nature of the
model (Eqs. (16)-(18)). More details are given in Appendix A.

2.2.2. SIM
To avoid the nonlinearity in our inversion, we exclude the

characteristic pressures from the unknowns. Instead, they are
defined in M fixed positions equidistantly in the interval of
½0; MDsc� as si ¼ Dscði þ 1 =2Þ ði ¼ 0; :::;M � 1Þ, where Dsc is the
distance between two positions. In this approach, the model-
parameter vector of the inversion is m ¼ ðDv01; :::;Dv0M ; vmÞ
resulting in J ¼ M þ 1 unknowns being linearly related to the
calculated data (predictions) given in Eq. (15) for the MEM. The
sequence of the ðDv01; :::;Dv0MÞ velocity amplitudes can be
considered as spectrum lines belonging to the characteristic pres-
sures ðsc1; :::; scMÞ. Based on this analogy, we call the inversion
procedure for the determination of the M velocity amplitudes SIM
(more details are given in Appendix A).

There is no reason to expect that the characteristic pressures in a
real inversion procedure (processing the acoustic velocity data
measured on a certain rock sample) coincide with the pre-defined
equidistantly sampled values of sci. Instead, when using SIM,
the actual characteristic pressure sc can range between two
neighbouring positions sci < sc < scðiþ1Þ and the inversion
procedure gives spectrum lines at sci and scðiþ1Þ. The amplitude
Dv ¼ Dvi þ Dviþ1 is shared between the two positions depending
on the distance of sc from the fixed neighbours (sci; scðiþ1Þ). We
assume the two spectral amplitudes in Eq. (19) giving the equivalent
characteristic pressure as amplitude weighted mean (Eq. (20)) and
the equivalent velocity amplitude (Eq. (21)):

Dvi ¼ Dv
scðiþ1Þ � sc

scðiþ1Þ � sci
; Dviþ1 ¼ Dv

sc � sci
scðiþ1Þ � sci

(19)

sc ¼ sciDvi þ scðiþ1ÞDviþ1

Dv
(20)

Dv ¼ Dvi þ Dviþ1 (21)

In the interpretation of neighbouring spectrum lines given by
SIM, this note should be taken into account.

3. Laboratory measurement data

To test the proposed inversion algorithms, laboratory-measured
acoustic velocity data were used. The first dataset contains acoustic
longitudinal and transverse wave velocity data measured on a
sandstone sample under uniaxial load. A cylindrical sample of
92 mm in length and 35 mm in diameter was prepared from a core
sample taken from the depth interval of 2943 m and 2960 m of a
hydrocarbon exploratory borehole drilled in southwest Hungary.
The fine-grained sandstone sample with 2.31% porosity has a
density of 2565 kg/m3. In uniaxial loading, a digitally controlled
load frame (with maximum load of 300 kN) was used. For stress
control, the software DION7 was used, which is an advanced soft-
ware for planning and executing material tests as well as for con-
trolling the elements of the system. The load cells include
piezoelectric crystals (with eigen frequency of 1 MHz) for acoustic
measurements. The wave velocities were measured at N ¼ 36
equidistantly defined pressures in the [0, 91] MPa interval using the
pulse transmission technique (Toksöz et al., 1979). In the knowl-
edge of the length of the rock sample and the arrival times, the P-
and S-wave velocities were determined (dataset I).

In uniaxial stress conditions, the uniformly random orientation
of the microcracks can be influenced by the mono-direction load
resulting in a stress-induced anisotropy, which is not taken into
account in our rock physical model. This effect is avoided under
hydrostatic stress conditions. Because of this reason, we test the
proposed inversion procedures by involving the P- and S-wave
acoustic velocity dataset measured under hydrostatic pressure
conditions by Fortin et al. (2007) on Vosges sandstone (dataset II).
The ultrasonic velocities (Vp, Vs) were determined using 1 MHz
transducers in the confining pressure range of [0, 110] MPa (for
details, see Fortin et al. (2007) and David and Zimmerman (2012)).

4. Results

We tested the MEM combined with the SIM using at first the
laboratory-measured P- and S-wave velocities of the dataset I. In
our inversion examples, we apply the SIM to give an estimate for
the model parameters ðDv01; :::;Dv0M ; vmÞ of the MEM as well as the
conventional DLSQ to determine the model parameters of the SEM
ðDv01; sc1; vmÞ, DEM ðDv01;Dv02; sc1;sc2; vmÞ and TEM ðDv01; Dv02;
Dv03;sc1;sc2;sc3; vmÞ, respectively.

If we have no predefined number of the intrinsic mechanisms
influencing the velocity-pressure dependence, the SIM is used. To
perform it, we have to define a set of characteristic pressures that
are fixed during inversion. The determination of the M number of
the fixed points (each of them represents a hypothetic intrinsic
mechanism) requires a balance between resolution and inversion
stability, i.e. increasing M results in better resolution of the



Fig. 2. The fit of measurements and predictions in SIM inversion of P-wave velocity
data (0 � sc � 90).
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characteristic pressures up to the N number of the measurement
data (while the over-determination is decreasing. For the sake of
simplicity, we assumed an equidistantly determined set lying in the
[0, 90] MPa range of the applied pressure in measurements. To
define an overdetermined inverse problem, we assumed M ¼ 30
(hypothetic) mechanisms (with the same number of unknown Dv0i
phase velocity amplitudes) and divided the range of [0, 90] MPa
into M equal parts. The spectral lines belonging to sci ði ¼ 1; :::;MÞ
were positioned in the middle of the Ds ¼ 3 MPa intervals. Taking
vm into account, the J ¼ M þ 1 ¼ 31 number of unknowns and
the N ¼ 36 number of data define a marginally overdetermined
inverse problem. In the linear SIM, we used also the linear DLSQ
inversion algorithm to determine the model parameters of the
vector m ¼ ðDv01; :::;Dv0M ; vmÞ. We selected the starting value of
the damping factor as ε2 ¼ 0:01 (Eq. (A35)) and reduced it in each
iteration by a factor of 0.9. As a starting model, all the spectral
amplitudes had the same value of 0.25. After 50 iterations (the
damping factor is reduced to ε

2 ¼ 5:15� 10�5), the characteristic
pressure spectrum of P-wave velocity data is shown in Fig. 1. One
can see that only four spectral lines could be given (amplitudes
smaller than 0.0001 were neglected).

The fit between the measured data and those calculated on the
estimated model (predictions) can be seen in Fig. 2. The limiting
value to which the velocity function tends is vm ¼ 4:5807 km/s.
The (fixed) characteristic pressures and the Dv0i spectral ampli-
tudes (with their estimation errors) are given in Table 1. The
equivalent characteristic pressures and amplitudes are calculated
using Eqs. (20) and (21), respectively. In both the data and model
space, we found accurate results: the relative data distance
(introduced in Eq. (A37) of Appendix A) isD¼ 0.051%, and themean
relative estimation error is MRE ¼ 3.74%.

The startingmodel is quite far from the solution, and the relative
distance between the measured data and those calculated on the
starting model is D0 ¼ 77.26%, which is more than 1500 times
greater than the relative data distance calculated on the estimated
model (D ¼ 0.051%). To test the starting model dependence of the
estimation results, we repeated the inversionwith the new starting
model, to which all the spectral amplitudes had the same value of
0.75 (D0¼ 234.21%). We found the same results as shown in Table 1.
We performed the test using several starting models successfully
with the same estimated model parameters, proving the starting
model independence of the SIM.
Fig. 1. Characteristic pressure spectrum in SIM inversion of P-wave velocity data (0 �
sc � 90) (M ¼ 30).
To demonstrate the stability of the inversion algorithm,we repeat
the inversion with two parametrizations. In the first one, the char-
acteristic pressures are assumed to be positioned in the interval of [0,
75] MPa. To define a moderately overdetermined inverse problem,
we assume M ¼ 25 internal mechanisms (this includes M ¼ 25
spectral lines, equidistantly positioned in the middle of each Ds ¼ 3
MPa intervals with the J ¼ M þ 1 ¼ 26 number of unknowns and
N ¼ 36 number of data). The estimated parameters of the inversion
results are given in Table 2. Introducing the relative model distance
between the m1 and m2 vectors (Eq. (22)), we find DðmÞ ¼ 0:171%
concerning the model parameters found in Tables 1 and 2.

DðmÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
J

XJ
j¼1

 
m1j �m2j

m1j

!2
vuuut � 100% (22)

In the second test of discretization, we define a significantly
overdetermined problem, with M ¼ 20 spectral lines positioned in
the interval of [0, 60] MPa (J ¼ 21, N ¼ 36.) The relative distance of
the estimated model to that given in Table 1 is DðmÞ ¼ 0:435%. The
same distance is found between the equivalent model parameters
(D(m) ¼ 0.436%). One can see (inside the estimation error interval)
essentially the same results in both cases.

The three SIM inversion procedures (running with different
parametrizations and different levels of over-determination) lead
to the same results demonstrating the stability and accuracy of the
new inversion procedure. In both examples, the starting parame-
ters were the same: the initial spectral amplitude values were 0.25
and the starting value ε2 ¼ 0:01 of the damping factor was reduced
in each iteration by a factor of 0.9. Repeating these tests with
various starting values of model parameters, the SIM inversion
gives the same set of the estimated parameters, thus the starting
model independence found in the marginally overdetermined
problem ofM¼ 30 is still valid at the moderately (M¼ 25), and also
in the significantly overdetermined (M ¼ 20) inverse problem.

In the next numerical experiments, we used the previous dataset
and applied the conventional (linearized) DLSQ inversion method to
determine themodel parameters of the DEM and TEM. Assuming the
DEM in forwardmodeling, we found a relative data distance (defined
in Eq. (A10) of Appendix A) of D ¼ 0.054%, and the mean relative
estimation error isMRE¼ 1.497%. The estimated values of the model
parameter m ¼ ðDv01;Dv02; sc1; sc2; vmÞ together with their esti-
mation error are shown in Table 3. The distance between the



Table 1
SIM inversion results for P-wave velocity data (M ¼ 30).

Characteristic pressure
(MPa)

Spectral amplitude
(MPa)

Estimation error
(km/s)

Relative estimation error
(%)

Equivalent characteristic pressure
(MPa)

Equivalent spectral amplitude
(km/s)

4.5 0.251 0.0103 4.11 6.4351 0.701
7.5 0.4561 0.011 2.41
46.5 0.456 0.013 2.85 47.502 0.6849
49.5 0.2289 0.0129 5.62

Table 2
SIM inversion results of P-wave velocity data (M ¼ 25).

Characteristic pressure
(MPa)

Spectral amplitude
(km/s)

Estimation error
(km/s)

Relative estimation error
(%)

Equivalent characteristic pressure
(MPa)

Equivalent spectral amplitude
(km/s)

4.5 0.251 0.0103 4.11 6.4351 0.7071
7.5 0.4561 0.011 2.41
46.5 0.4553 0.0131 2.88 47.506 0.684
49.5 0.2297 0.0129 5.63

Fig. 3. Characteristic pressure spectrum in SIM inversion of S-wave velocity data
(M ¼ 30).
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parameters of this model and the equivalent model given by the SIM
inversion(inTable1) isD(m)¼1.882%,which showsagoodagreement.

Assuming the TEM in forward modeling, the linearized DLSQ
inversion resulted in the relative data distance D ¼ 0.041%. On the
other hand, compared to DEM results, the estimation accuracy is
sufficiently decreased: 107.9% mean relative estimation error was
found. Because of these reasons, the linearized DLSQ inversion
based on TEM cannot be considered a stable procedure and accu-
rate approach. By our experiences, this is also true for DLSQ
inversion using a greater number of internal mechanisms.

On the contrary, we found the SIM approach based on MEM
applicable involving even some tens of unknowns. Thus, because of
its higher stability arising from its linear nature, SIM is favorable for
general use (in interpreting pressure-dependent wave velocity
data) even in the case when the number of different intrinsic
mechanisms is not known.

The S-wave velocities were also measured on the rock sample
under investigation at the same set of pressures. The SIM inversion
results are shown in Fig. 3 and Table 4.We assumedM¼ 30 spectral
lines equidistantly positioned in the middle of each 3 MPa interval
inside the total characteristic pressure range of [0, 90] MPa. Both
the data distance D ¼ 0.031% and the mean relative estimation
error of 1.37% show accurate parameter estimation. The limiting
value towhich the S-wave velocity function tends is vm ¼ 2:8 km/s.

Reliability is also proven by Fig. 4 showing the good fit between
the measured and calculated data. The other parametrization with
M ¼ 25 and 20 spectrum lines (discussed also in the case of P-wave
data) gives essentially the same result, respectively.

In our measurements, the pressure varied within the [0, 91] MPa
interval. As a reasonable choice, we assumed the characteristic
pressure lying in the [0, 90] MPa interval. It is straightforward that
in the applied measurement range, there can be information in the
P- and S-wave velocity data about higher (but not too high) char-
acteristic pressures. Due to this reason, we repeated the SIM
inversion of the S-wave dataset assuming [0, 180] MPa interval of
the possible characteristic pressures. The result found forM ¼ 30 is
Table 3
DLSQ inversion results for P-wave velocity data using DEM.

Parameter Value Estimation error Relative estimation error (%)

Dv01 (km/s) 0.7002 0.0079 1.12
Dv02 (km/s) 0.6981 0.0037 0.53
sc1 (MPa) 6.2627 0.0909 1.45
sc2 (MPa) 48.3401 1.3998 2.89
vm (km/s) 4.5875 0.0064 0.14
shown in Table 5. The data distance D ¼ 0.036% and the mean
relative estimation error of 2.28% show accurate parameter esti-
mation. It can be seen that the equivalent characteristic pressures
and the spectral amplitudes are acceptably close to those found by
assuming [0, 90] MPa interval of the possible characteristic pres-
sures (Table 4), and the distance between the two equivalent
models is D(m) ¼ 7.387%.

In our next test, we used SIM inversion by employing a cell-wise
constant set of basis functions for discretization. We applied the
forwardmodeling formula of theMEMwith the Jacobi matrix given
in Eq. (A26). In this experiment, the characteristic pressures were
assumed again to lie in the total pressure interval of the mea-
surement of [0, 90] MPa. To define an overdetermined problem, the
cell-wise constant set of basis functions was defined in M ¼ 30
intervals of equal length. As a starting model, all the inversion
unknowns had the same value of 0.25. After 50 SIM iterations, the
characteristic pressure spectrum of P-wave velocity data shown in
Fig. 5 was found. We give the details of parameter estimation in
Table 6.

Both the data distance D ¼ 0.054% and the mean relative esti-
mation error of 3.82% show accurate parameter estimation. In the
cell-wise constant functions-based SIM inversion of P-velocity data,
we found again four intervals with non-zero spectral density



Table 4
SIM inversion results for S-wave data with [0, 90] MPa interval of the possible characteristic pressures (M ¼ 30).

Characteristic pressure
(MPa)

Spectral amplitude
(km/s)

Estimation error
(km/s)

Relative estimation error
(%)

Equivalent characteristic pressure
(MPa)

Equivalent spectral amplitude
(km/s)

7.5 0.1677 0.0014 0.82 7.924 0.1953
10.5 0.0276 0.0011 3.82
40.5 0.318 0.0009 0.27 40.756 0.3477
43.5 0.0297 0.0002 0.57

Fig. 4. The fit of measurements and predictions in SIM inversion of S-wave velocities
of the dataset I.

Fig. 5. Characteristic pressure spectrum obtained by SIM inversion of P-wave velocity
data using cell-wise constant basis functions.
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belonging to the same set of characteristic pressures included in
Table 1. The first two spectral amplitudes given in Tables 1 and 6 are
nearly the same. However, there is a difference in the last two
amplitudes, and the sum of the two values is 0.6792 km/s in
Tables 6 and 0.6849 km/s in Table 1, which shows the consistency of
the two methods. Applying the cell-wise constant function based
SIM inversion to the S-wave velocity of the dataset I, we also found
stable and accurate results.

The above tests were performed using the dataset I measured
under uniaxial stress conditions. Unfortunately, the uniaxial load
can cause to some extent a stress-induced anisotropy, not involved
in our rock physical model. Because this effect is excluded under
hydrostatic stress conditions, we test the SIM by involving dataset
II. The dataset contains N ¼ 23 data measured in the [0, 110] MPa
interval. To define an overdetermined inverse problem, we
assumed the M ¼ 15 number of unknown phase velocity ampli-
tudes and divided the pressure range [0, 45] MPa into M equal
parts. The spectral lines were positioned in the middle of 3 MPa
intervals. The starting values of model parameters and the damping
factor are similar to those used in the above tests. The SIM inversion
of P-wave data found after 30 iterations is shown in Fig. 6 and
Table 7.
Table 5
SIM inversion results of S-wave data with [0, 180] MPa interval of the possible character

Characteristic pressure
(MPa)

Spectral amplitude
(km/s)

Estimation error
(km/s)

Relative estim
(%)

3 0.0124 0.0008 6.12
9 0.2024 0.0014 0.71
39 0.0451 0.0008 1.8
45 0.2958 0.0015 0.49
The data distance is D ¼ 0.183% which shows a good fit between
the measured and predicted data. The mean relative estimation
error is 11.4%. The S-wave data of dataset II was processed in an
independent SIM inversion procedure. The results are shown in
Fig. 7 and Table 8. The data distance is D ¼ 0.161%, and the mean
relative estimation error is 5.5%. The fit between the measured and
predicted data can be seen in Fig. 8 for P-waves, and in Fig. 9 for S-
waves. A similar result was found with [0, 90] MPa interval of the
possible characteristic pressures.

As a result of the two independent SIM procedures, the charac-
teristic pressuresdiffer (especially at higher pressures) for the P- and
S-wave inversions. This is a consequence of the fact that in our
phenomenological MEM, there are no tools to prescribe any inter-
actionbetween theP- andS-wavedata influencing the two inversion
results. In several papers discussing the velocity-pressure relation-
ship, the characteristic pressures as regressionparameters are found
different for shear and compressionalwaves (Eberhart-Phillips et al.,
1989; Jones,1995;Khakshar et al.,1999). In themoredetailed (quasi-
microscopic) models of David and Zimmerman (2011, 2012) as well
as MacBeth (2004), the stress dependence of the shear and bulk
moduli (consequently the P- and S-wave velocities) are described by
different characteristic pressures.
istic pressures (M ¼ 30).

ation error Equivalent characteristic pressure
(MPa)

Equivalent spectral amplitude
(km/s)

8.6536 0.2148

44.206 0.3409



Table 6
SIM results for P-wave data using discretization by cell-wise constant functions (M ¼ 30).

Characteristic pressure
(MPa)

Spectral amplitude
(km/s)

Estimation error
(km/s)

Relative estimation error
(%)

Equivalent characteristic pressure
(MPa)

Equivalent spectral amplitude
(km/s)

4.5 0.2567 0.0111 4.33 6.42 0.7176
7.5 0.4609 0.0118 2.56
46.5 0.2144 0.0122 5.69 48.55 0.6792
49.5 0.4648 0.0125 2.69

Fig. 6. Characteristic pressure spectrum estimated by SIM inversion of P-wave veloc-
ities of the dataset II with 0 � sc � 45 and M ¼ 15.

Fig. 7. Characteristic pressure spectrum given by SIM inversion of S-wave velocities of
the dataset II with 0 � sc � 45 and M ¼ 15.
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On the other hand, analyzing the pressure dependence of the
elastic properties of porous and fractured rocks, Shapiro (2003)
concluded a (first-order) equality of the characteristic pressures
belonging to P- and S-waves. In a mathematically sound discussion,
Zaitsev et al. (2017a, b) formulated a model in which the effect of
cracks with arbitrary ratios of normal and shear compliances can be
described. The model was found to be capable of recovering the
types of cracks from pressure-dependent wave velocities. It was
shown that the characteristic pressures different for P- and S-waves
are the consequence of the use of a penny-shaped crackmodel. This
difference disappears in the case of cracks with properly chosen
effects.

In agreement with Shapiro’s results and the notes of Zaitsev
et al. (2017a), as another alternative, it is reasonable to analyze
dataset II by requiring the equality of the P- and S-wave charac-
teristic pressures. To do this, it is necessary to integrate the P- and
S-wave velocities into a joint inversion procedure. As is known,
joint inversion of two or more datasets is available only if there are
common model parameters coupling them together (Vozoff, 1975;
Dobróka et al., 1991; Sz}ucs and Chivan, 1996). Taking into account
the two independent SIM results, in forward modeling, we allow
the existence of two (lower and upper) significant characteristic
Table 7
SIM inversion results of P-wave velocities of the dataset II (measured under hydrostatic p

Characteristic pressure
(MPa)

Spectral amplitude
(km/s)

Estimation error
(km/s)

Relative estim
(%)

4.5 0.3974 0.0281 7.08
7.5 0.1567 0.035 22.3
19.5 0.367 0.025 6.81
22.5 0.3705 0.035 9.44
pressures but require them to be the same for P- and S-waves
(coupling). The result and its comparisonwith the two independent
inversions (in Tables 7 and 8) are shown in Table 9. It can be seen
that the value of the characteristic pressure in joint inversion
(common for P- and S-waves) is between the values found in in-
dependent P- and S inversion (both in the cases of sc1 and sc2). The
spectral amplitudes (Dv1 and Dv2) are increased because they
belong to an increased number of input data. The relative data
distance for the joint inversion is D ¼ 0.18 which shows similar
accuracy of data fitting.

The closing mechanism of cracks is well discussed in the case of
hydrostatic compression (Morlier, 1971; Sayers, 1999; David and
Zimmerman, 2012; Zhang et al., 2019a). The physical meaning is
clearer. If the orientation of cracks is isotropic in a stress-free state,
it remains isotropic under hydrostatic stress conditions. This is not
the case in uniaxial compression, the increasing stress can induce a
certain kind of anisotropy of the crack distribution which is not
included in the rock physical model used in our investigations. On
the other hand, the SIM inversion of the datasets I and II shows a
quite similar structure of the velocity spectrum. This can make the
application of SIM to P- and S-wave velocity data measured in
uniaxial load acceptable.
ressures) with [0, 45] MPa interval of the possible characteristic pressures (M ¼ 15).

ation error Equivalent characteristic pressure
(MPa)

Equivalent spectral amplitude
(km/s)

5.35 0.554

21 0.737



Table 8
SIM inversion results for S-wave velocities of the dataset II (measured under hydrostatic pressures) with [0, 45] MPa interval of the possible characteristic pressures (M ¼ 15).

Characteristic pressure
(MPa)

Spectral amplitude
(km/s)

Estimation error
(km/s)

Relative estimation error
(%)

Equivalent characteristic pressure
(MPa)

Equivalent spectral amplitude
(km/s)

4.5 0.1064 0.0132 12.4 6.78 0.445
7.5 0.3384 0.016 4.72
28.5 0.225 0.0066 2.94 29.8 0.304
31.5 0.0796 0.0015 1.94

Fig. 8. The fit of measurements and predictions in SIM inversion of P-wave velocities
of the dataset II.

Fig. 9. The fit of measurements and predictions in SIM inversion of S-wave velocities
of the dataset II.
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5. Discussion

We performed the inversion of P- and S-wave velocities of the
dataset I using the conventional DLSQ method (containing the
velocity amplitudes and also the characteristic pressures as un-
known model parameters) and the linear SIM (with only the ve-
locity amplitudes as unknowns), separately.

It was experienced that both velocity amplitudes given by DLSQ
inversion combined with DEM as forward modeling are “resolved”
into two spectral lines in the SIM approach. Due to the fact that in
the SIM, the possible characteristic pressures sci ði ¼ 1; :::;MÞ are
fixed in the middle of subsequent pressure intervals of 3 MPa in
length, a spectral line of the rock sample lying between two fixed
ones is always displayed in two neighbouring intervals. Its ampli-
tude is shared between the two neighbours depending on the
(pressure) distance measured from them. The true (or efficient)
characteristic pressure of the intermediate line can be estimated as
the amplitude-weighted mean of the two fixed values given in Eq.
(20), while the true (efficient) amplitude is the sum of the two
amplitudes given by Eq. (21).

Comparing the result of the conventional DLSQ method (using
DEM in forward modeling) to that given by the SIM, we can
consider them consistent. The characteristic pressure sc1 ¼ 6:26
MPa given in Table 3 is close to the (amplitude-weighted) mean of
the first two characteristic pressures (6.43 MPa) included in Table 1.
The sum of the first two spectral amplitudes (0.707 km/s) given in
Table 1 is close to Dv1 ¼ 0:7 km/s in Table 3. Similarly, the
sc2 ¼ 48:37 MPa is close to the (amplitude-weighted) mean of the
last two characteristic pressures (47.51 MPa) given in Table 1. The
sum of the last two spectral amplitudes in Table 1 is 0.6849 km/s,
which is close toDv2 ¼ 0:698 km/s given in Table 3. Thus, the result
in Table 1 should be interpreted as the presence of a spectral line at
6.43MPawith an amplitude of 0.707 km/s and another at 47.51MPa
with an amplitude of 0.6849 km/s, respectively. Taking into account
the estimation errors, it can be stated that the results of the SIM
inversion are in agreement with those given by the common DLSQ
inversion with DEM in forward modeling.

The results of the above inversion of P-wave velocity data can be
interpreted as the simultaneous presence of two internal mecha-
nisms or two essentially different parameters of the same mecha-
nism (M ¼ 2) influencing the pressure dependence of the
propagation velocity. In the latter case, we can assume that there
are two families of randomly oriented cracks in the rock, each
having a constant aspect ratio significantly different from that of
the other family. Our SIM inversion results in two appreciably
different characteristic pressures, thus, taking Eq. (10) into account,
the rate of the characteristic pressures can be connected to the rate
of aspect ratios: a2=a1 ¼ sc2=sc1. In the case of the dataset I, this
ratio for P-waves is a2=a1 ¼ 7:39. The higher aspect ratio
a2 ¼ 0:015 was determined utilizing the method of David and
Zimmerman (2012). The mineralogical components of the rock
sample are presented in Table 10. The effective compression and
shear moduli of the grains were calculated as the Voight-Reuss-Hill
average of the components moduli (Mavko et al., 2009) resulting in
K0 ¼ 54.5 GPa and G0 ¼ 36.8 GPa, respectively. Thus, the smaller
aspect ratio influencing the pressure dependence of the P-waves is
a1 ¼ a2=7:39 ¼ 0:002.

The SIM inversion results for S-wave velocities of the dataset I
shown in Table 5 can again be interpreted as two (pressure) spectral
lines. The first line has a characteristic pressure of 7.95 MPa
(calculated using Eq. (20)) and a velocity amplitude of 0.195 km/s
(given by Eq. (21)). Using again Eqs. (20) and (21), the second
spectral line has a characteristic pressure of 40.75 MPa and a ve-
locity amplitude of 0.347 km/s. The rate of aspect ratios is a2=a1 ¼



Table 9
Results of joint inversion of the P- and S-wave velocities of the dataset II and its
comparison to the results of independent SIM inversions.

Parameters sc1 (MPa) sc2 (MPa) Dv1 (km/s) Dv2 (km/s) Data distance (%)

Joint P þ S 6.01 28.2 1.396 0.809 0.18
Independent P 5.35 21 0.554 0.737 0.183
Independent S 6.78 29.8 0.445 0.304 0.161

Table 10
Mineral composition of the rock sample in dataset II.

Phase name Content (%) Phase name Content (%)

Quartz 47.2 Ankerite 2.1
Illite 6.9 Biotite 0.6
Microline 2.4 Albite 9.3
Andesine 1.2 Dolomite 3.1
Calcite 21.2 Clorite 2
Muscovite 4.4
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sc2=sc1 ¼ 5:12. Using the aspect ratio a2 ¼ 0:015 arising from the
method of David and Zimmerman (2012), we find aðSÞ1 ¼ a2=

5:12 ¼ 0:0029. The values found for P- and S-waves differ around
30%, and the arithmetic mean a1 ¼ 0:0025 can be an acceptable
estimate.

In the case of the dataset II, the individual SIM inversion of the P-
and S-wave data gives different characteristic pressures. The above
ratio for P-wave is a2=a1 ¼ sc2=sc1 ¼ 3:92. The higher aspect
ratio a2 ¼ 0:13 was given in David and Zimmerman (2012). Thus,
the smaller aspect ratio influencing the pressure dependence of the
P-wave is aðPÞ1 ¼ 0:0332. For S-wave data, the characteristic pres-
sure ratio is sc2=sc1 ¼ 4:39 resulting in aðSÞ1 ¼ 0:0296. The two
data agree within 12%, thus the mean value a1 ¼ 0:031 can be an
acceptable estimate. The reason for the differences can be related to
the polarization of the two waves.

The joint inversion of the dataset II gave the same characteristic
pressures for P- and S-waves. The common value of the aspect ratio
is a2=a1 ¼ sc2=sc1 ¼ 4:69 resulting in the lower aspect ratio a1 ¼
0:0277. This value agrees within 6.4% and 16.6% found for the lower
aspect ratio in the case of the individual SIM inversion of S- and P-
wave velocities, respectively.
6. Conclusions

To avoid the nonlinearity of the inverse problem in processing
pressure-dependent acoustic velocities, we developed a special
inversion procedure (SIM), inwhich we exclude the sci characteristic
pressures from the group of inversion unknowns. Instead, we define
M equidistantly spaced points along with the relevant interval of
characteristic pressures and order an unknown amplitude to all of
them. This procedure requires defining the MEM for describing the
pressure dependence of acoustic P- and S-wave phase velocities. The
proposed analytical model is based on the idea that to all of the M
characteristic pressure points belong a contribution to the pressure
dependence of seismic/acoustic velocities of the form
Dv0i expð�s =sciÞ containing the Dv0i unknown amplitudes.
Depending on the number of individual terms, we introduced the
SEM, DEM, or even MEM and gave the forward modeling formulae
governing thepressuredependence of thewavepropagationvelocity.

We tested the rock physical models on laboratory-measured
datasets using P- and S-wave velocities (dataset I) measured on a
fine-grained sandstone sample under uniaxial stress conditions. To
perform our investigations on acoustic velocity data measured
under hydrostatic pressure conditions, dataset II from the literature
was also used. We processed the measured datasets by inversion
techniques. To characterize the accuracy of the inversion proced-
ures, we used the data distance and the parameter estimation error.
The conventional DLSQ was applied to determining the model
parameters (including also the characteristic pressures sci) in the
case of SEM and DEM models. We found that the inversion pro-
cedure based on DEM is stable and accurate enough. On the other
hand, by increasing the number of the exponential terms with the
unknown characteristic pressures, the nonlinearity of the problem
quickly reduces the accuracy of the inversion procedure. Due to this
reason, we suggest the use of the SIM, an innovative series-
expansion based inversion algorithm, in which the unknown ve-
locity amplitudes in the forward modeling formulae for MEM was
considered as spectral lines of the characteristic pressure spectrum.
The number of spectral amplitudes (playing the role of expansion
coefficients) was chosen to ensure the overdetermined nature of
the inversion procedure.

Using a laboratory-measured dataset, we found that the SIM
gave accurate and stable results even in the case of some tens of
unknowns (individual mechanisms considered). We compared this
result to those given by DLSQ (with DEM in the forward modeling)
and found them consequent. The SIM was used for the inversion of
both P- and S-wave velocity datasets. Using the results of Walsh
(1965) and the method of David and Zimmerman (2012), we
related the characteristic pressures to the aspect ratios of the de-
fects and gave an estimate for their values.

Declaration of competing interest

The authors declare that they have no known competing
financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgments

The researchwas supported by the European Union, co-financed
by the European Social Fund and the GINOP-2.315-2016-00010
“Development of enhanced engineering methods with the aim at
utilization of subterranean energy resources” project in the
framework of the Széchenyi 2020 Plan, funded by the European
Union, co-financed by the European Structural and Investment
Funds. Particular thanks are expressed to F. Kristály and F. Mádai for
the X-ray diffraction analysis, as well as J. Somogyi-Molnár and A.
Kiss for their contribution to laboratory measurements.

Appendix A. Supplementary data

Supplementary data to this article can be found online at
https://doi.org/10.1016/j.jrmge.2021.08.015.

References

Best, A.I., 1997. The effect of pressure on ultrasonic velocity and attenuation in near-
surface sedimentary rocks. Geophys. Prospect. 45, 345e364.

Birch, F., 1960. The velocity of compression waves in rocks to 10 kilobars. Part 1.
J. Geophys. Res. 65, 1083e1102.

Cheng, C.H., Toksöz, M.N., 1979. Inversion of seismic velocities for the pore aspect
ratio spectrum of a rock. J. Geophys. Res. 84, 7533e7543.

Darot, M., Reuschlé, T., 2000. Acoustic wave velocity and permeability evolution
during pressure cycles on a thermally cracked granite. Int. J. Rock Mech. Min.
Sci. 37, 1019e1026.

David, E.C., Zimmerman, R.W., 2011. Elastic moduli of solids containing spheroidal
pores. Int. J. Eng. Sci. 49, 544e560.

David, E.C., Zimmerman, R.W., 2012. Pore structure model for elastic wave velocities
in fluid-saturated sandstones. J. Geophys. Res. 117, B07210.

Dobróka, M., Somogyi Molnár, J., 2012. New petrophysical model describing the
pressure dependence of seismic velocity. Acta Geophys. 60, 371e383.

Eberhart-Phillips, D., Han, D.H., Zoback, M.D., 1989. Empirical relationships among
seismic velocity, effective pressure, porosity and clay content in sandstone.
Geophysics 54, 82e89.

https://doi.org/10.1016/j.jrmge.2021.08.015
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref1
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref1
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref1
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref2
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref2
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref2
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref3
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref3
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref3
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref4
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref4
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref4
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref4
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref5
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref5
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref5
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref6
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref6
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref8
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref8
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref8
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref10
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref10
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref10
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref10


M. Dobróka et al. / Journal of Rock Mechanics and Geotechnical Engineering 14 (2022) 385e395 395
Fortin, J., Guéguen, Y., Schubnel, A., 2007. Effects of pore collapse and grain crushing
on ultrasonic velocities and Vp/Vs. J. Geophys. Res. 112, B08207.

Gardner, D.G., Gardner, J.C., Laush, G., Meinke, W.W., 1959. Method for the analysis
of multicomponent exponential decay curves. J. Chem. Phys. 31, 978e986.

Householder, A.S., 1950. On Prony’s Method of Fitting Exponential Decay Curves and
Multiple-Hit Survival Curves. Oak Ridge National Laboratory, Oak Ridge, TN,
USA.

He, T., Schmitt, D.R., 2006. Velocity measurements of conglomerates and pressure
sensitivity analysis of AVA response. In: SEG Technical Program Expanded Ab-
stracts. SEG-2006-1888.

Istratov, A.A., Vyvenko, O., 1999. Exponential analysis in physical phenomena. Rev.
Sci. Instrum. 70 (2), 1233e1257.

Ji, S., Wang, C.Q., Xia, B., 2003. Handbook of Seismic Properties of Minerals, Rocks,
Ores. Polytechnic International Press.

Ji, S., Wang, C.Q., Marcotte, D., Salisbury, M.H., Xu, Z., 2007. P-wave velocities,
anisotropy and hysteresis in ultrahigh-pressure metamorphic rocks as a func-
tion of confining pressure. J. Geophys. Res. 112, B09204.

Ji, S., Shao, T., Michibayashi, K., Long, C., Wang, Q., Kondo, Y., Zhao, W., Wang, H.,
Salisbury, M.H., 2013. A new calibration of seismic velocities, anisotropy, fabrics
and elastic moduli of amphibole-rich rocks. J. Geophys. Res. 118, 4699e4728.

Jones, L.A., Wang, H.F., 1981. Ultrasonic velocities in cretaceous shales from the
williston basin. Geophysics 46, 288e297.

Jones, S.M., 1995. Velocities and quality factors of sedimentary rocks at low and high
effective pressures. Geophys. J. Int. 123, 774e780.

Khaksar, A., Griffiths, C.M., McCann, C., 1999. Compressional and shear-wave ve-
locities as a function of confining stress in dry sandstone. Geophys. Prospect. 47,
487e508.

Khazanehdari, J., McCann, C., 2005. Acoustic and petrophysical relationships in low-
shale sandstone reservoir rocks. Geophys. Prospect. 53, 447e461.

Lánczos, C., 1959. Applied Analysis. Prentice-Hall, Englewood Cliffs, NJ, USA.
MacBeth, C., 2004. A classification for the pressure-sensitivity properties of a

sandstone rock frame. Geophysics 69 (2), 497e510.
Marquardt, D.W., 1959. Solution of nonlinear chemical engineering models. Chem.

Eng. Prog. 55, 65e70.
Mavko, G., Mukerji, T., Dvorkin, J., 2009. The Rock Physics Handbook. Cambridge

University Press.
Morlier, P., 1971. Description of the state of rock factorization through simple non-

destructive tests. Rock Mech. 3, 125e138.
Nur, A., Simmons, G., 1969. The effect of saturation on velocity in low porosity rocks.

Earth Planet Sci. Lett. 7, 183e193.
Prasad, M., 2002. Acoustic measurements in unconsolidated sands at low effective

pressure and overpressure detection. Geophysics 67, 405e412.
Prasad, M., Meissner, R., 1992. Attenuation mechanisms in sands: laboratory versus

theoretical (Biot) data. Geophysics 57, 710e719.
Prony, R., 1795. Essai expérimental et analytique sur les lois de la dilatabilité des

fluides élastiques, et sur celles de la force expansive de la vapeur de l’eau et de
la vapeur de l’alkool, á différentes temperatures. J. L’école Polytech. 1, 24e76.

Sayers, C.M., 1999. Stress-dependent seismic anisotropy of shales. Geophysics 64,
93e98.

Saul, M.J., Lumley, D.E., 2013. A new velocity-pressure-compaction model for
uncemented sediments. Geophys. J. Int. 193, 905e913.

Sengun, N.R., Demirdag, A.S., Yavuz, H., 2011. P-wave velocity and Schmidt rebound
hardness value of rocks under uniaxial compressional loading. Int. J. Rock Mech.
Min. Sci. 48, 693e696.

Scholz, C.H., Kranz, R., 1974. Notes on dilatancy recovery. J. Geophys. Res. 79, 2132e
2135.

Shapiro, S.A., 2003. Elastic piezosensitivity of porous and fracture rocks. Geophysics
60 (2), 482e486.

Shen, H., Li, X., Li, Q., Wang, H., 2020. A method to model the effect of pre-existing
cracks on P-wave velocity in rocks. J. Rock Mech. Geotech. Eng. 12, 493e506.

Singh, R., Rai, C., Sondergeld, C., 2006. Pressure dependence of elastic wave ve-
locities in sandstones. In: SEG Technical Program Expanded Abstracts. SEG-
2006-1883.

Somogyiné Molnár, J., Kiss, A., Dobróka, M., 2015. Petrophysical models to describe
the pressure dependence of acoustic wave propagation characteristics. Acta
Geod. Geophys. 50, 339e352.
Somogyiné Molnár, J., Dobróka, T.E., Ormos, T., Dobróka, M., 2019. Global inversion
of pressure dependent acoustic velocity data based on a new double relaxation
model. In: Proceedings of the 25th European Meeting of Environmental and
Engineering Geophysics. Paper 98906.

Stacey, T.R., 1976. Seismic assessment of rock masses. In: Proceedings of the Sym-
posium on Exploration for Rock Engineering, pp. 113e117.

Szucs, P., Civan, F., 1996. Multi-layer well log interpretation using the simulated
annealing method. J. Petrol. Sci. Eng. 14, 209e220.

Toksöz, M.N., Johnston, D.H., Timur, A., 1979. Attenuation of seismic waves in dry
and saturated rocks, I. Laboratory measurements. Geophysics 44, 681e690.

Vozoff, K., Jupp, D.L.B., 1975. Joint inversion of geophysical data. Geophys. J. Roy.
Astron. Soc. 42, 977e991.

Wyllie, M.R.J., Gregory, A.R., Gardner, G.H.F., 1958. An experimental investigation of
factors affecting elastic wave velocities in porous media. Geophysics 23, 459e
493.

Walsh, J.B., Brace, W.F., 1964. A fracture criterion for brittle anisotropic rock.
J. Geophys. Res. 69, 3449e3456.

Walsh, J.B., 1965. The effect of cracks on the compressibility of rock. J. Geophys. Res.
70 (2), 381e389.

Wang, Q., Ji, S.C., Salisbury, M.H., Xia, M.B., Pan, B., Xu, Z.Q., 2005. Shear wave
properties and Poisson’s ratios of ultrahigh-pressure metamorphic rocks from
the Dabie-Sulu orogenic belt: implications for the crustal composition.
J. Geophys. Res. 110 (B8). https://doi.org/10.1029/2004JB003435.

Wepfer, W.W., Christensen, N.I., 1991. A seismic velocity-confining pressure relation,
with applications. Int. J. Rock Mech. Min. Sci. Geomech. Abstr. 28, 451e456.

Yu, G., Vozoff, K., Durney, D.W., 1993. The influence of confining pressure and water
saturation on dynamic elastic properties of some Permian coals. Geophysics 58,
30e38.

Yu, C., Ji, S., Li, Q., 2016. Effects of porosity on seismic velocities, elastic moduli and
Poisson’s ratios of solid materials and rocks. J. Rock Mech. Geotech. Eng. 8 (1),
35e49.

Zhang, L., Ba, J., Carcione, J.M., Sun, W., 2019a. Modeling wave propagation in
cracked porous media with penny-shaped inclusions. Geophysics 84 (4).
https://doi.org/10.1190/geo2018-0487.1.

Zhang, L., Ba, J., Fu, L., Carcione, J.M., Cao, C., 2019b. Estimation of pore micro-
structure by using the static and dynamic moduli. Int. J. Rock Mech. Min. Sci.
113, 24e30.

Zimmerman, R.W., 1991. Compressibility of Sandstones. Elsevier, Amsterdam, the
Netherlands.

Zaitsev, V.Y., Radostin, A.V., Pasternak, E., Dyskin, A., 2017a. Extracting shear and
normal compliances of crack-like defects from pressure dependences of elastic-
wave velocities. Int. J. Rock Mech. Min. Sci. 97, 122e133.

Zaitsev, V.Y., Radostin, A.V., Pasternak, E., Dyskin, A., 2017b. Extracting real-crack
properties from nonlinear elastic behavior of rocks: abundance of cracks with
dominating normal compliance. Nonlinear Process Geophys. 24, 543e551.
Mihály Dobróka was graduated as physicist in 1972 at the
Lajos Kossuth University of Science, received university
doctor title from the Roland Eötvös University of Science in
1976 and PhD in 1986, and gained his Doctor of Science
degree in 1996 from the Hungarian Academy of Sciences.
He is serving the University of Miskolc since 1972 in
various positions. He became Professor in 1997 and leaded
the Department of Geophysics for 15 years. As vice rector,
he was responsible for Scientific and International Affairs
of the University of Miskolc in three cycles. His main
research interest is related to wave propagation theory,
development of geophysical inversion methods and their
application in seismic, geoelectric and borehole geophys-
ical fields. He is deeply involved in PhD education in both
faculty and university levels. Presently, he continues his activity as Professor Emeritus
in education and research and acts as president of the Doctorial Council of the Uni-
versity of Miskolc.

http://refhub.elsevier.com/S1674-7755(21)00162-1/sref11
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref11
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref11
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref11
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref12
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref12
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref12
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref13
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref13
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref13
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref14
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref14
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref14
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref15
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref15
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref15
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref16
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref16
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref17
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref17
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref17
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref18
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref18
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref18
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref18
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref19
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref19
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref19
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref20
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref20
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref20
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref21
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref21
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref21
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref21
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref22
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref22
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref22
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref23
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref24
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref24
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref24
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref25
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref25
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref25
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref26
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref26
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref28
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref28
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref28
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref29
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref29
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref29
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref30
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref30
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref30
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref31
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref31
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref31
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref32
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref32
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref32
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref32
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref33
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref33
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref33
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref34
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref34
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref34
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref35
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref35
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref35
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref35
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref36
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref36
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref37
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref37
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref37
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref38
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref38
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref38
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref39
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref39
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref39
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref40
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref40
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref40
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref40
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref41
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref41
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref41
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref41
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref42
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref42
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref42
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref43
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref43
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref43
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref44
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref44
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref44
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref45
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref45
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref45
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref46
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref46
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref46
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref47
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref47
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref47
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref48
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref48
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref48
https://doi.org/10.1029/2004JB003435
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref50
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref50
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref50
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref51
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref51
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref51
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref51
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref52
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref52
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref52
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref52
https://doi.org/10.1190/geo2018-0487.1
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref54
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref54
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref54
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref54
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref55
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref55
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref56
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref56
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref56
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref56
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref57
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref57
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref57
http://refhub.elsevier.com/S1674-7755(21)00162-1/sref57

	Multi-exponential model to describe pressure-dependent P- and S-wave velocities and its use to estimate the crack aspect ratio
	1. Introduction
	2. Theoretical background
	2.1. The multi-exponential rock physical model
	2.2. Inversion algorithms
	2.2.1. Conventional DLSQ algorithm
	2.2.2. SIM


	3. Laboratory measurement data
	4. Results
	5. Discussion
	6. Conclusions
	Declaration of competing interest
	Acknowledgments
	Appendix A. Supplementary data
	References


