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In the process of ion-adsorption rare earth ore leaching, the migration characteristics of the wetting front
in multi-hole injection holes and the influence of wetting front intersection effect on the migration
distance of wetting fronts are still unclear. Besides, wetting front migration distance and leaching time
are usually required to optimize the leaching process. In this study, wetting front migration tests of ion-
adsorption rare earth ores during the multi-hole fluid injection (the spacing between injection holes was
10 cm, 12 cm and 14 cm) and single-hole fluid injection were completed under the constant water head
height. At the pre-intersection stage, the wetting front migration laws of ion-adsorption rare earth ores
during the multi-hole fluid injection and single-hole fluid injection were identical. At the post-
intersection stage, the intersection accelerated the wetting front migration. By using the Darcy’s law,
the intersection effect of wetting fronts during the multi-hole liquid injection was transformed into the
water head height directly above the intersection. Finally, based on the Green-Ampt model, a wetting
front migration model of ion-adsorption rare earth ores during the multi-hole unsaturated liquid in-
jection was established. Error analysis results showed that the proposed model can accurately simulate
the infiltration process under experimental conditions. The research results enrich the infiltration law
and theory of ion-adsorption rare earth ores during the multi-hole liquid injection, and this study
provides a scientific basis for optimizing the liquid injection well pattern parameters of ion-adsorption
rare earth in situ leaching in the future.
� 2024 Institute of Rock and Soil Mechanics, Chinese Academy of Sciences. Production and hosting by
Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Ion-adsorption rare earth ore is one of the important strategic
resources related to national security and economic development,
and the value of ion-adsorption rare earth has been greatly
explored in the economy, national defense industry, and high-tech
techniques (Qiu et al., 2014; Luo et al., 2022; Zhou et al., 2022). As
indispensable raw materials for the development of high-tech in-
dustries (Dushyantha et al., 2020), ion-adsorption rare earth ores
are mainly distributed in south China, such as Jiangxi and Fujian
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provinces. Unlike rare earth minerals in the solid mineral phase,
ion-adsorption rare earth elements mostly exist in the form of
trivalent cations (Wang et al., 2022). Rare earth carbonate minerals
in granite and other parent rocks can be decomposed under long-
term weathering (Zhou et al., 2019). With the erosion of rain, the
dissolved rare earth elements are adsorbed on the surface of kaolin,
halloysite, illite and other clay minerals in the form of rare earth
hydrate, and finally enriched in the weathered layer of the mine
(Chi et al., 2005). Therefore, the exchange of rare earth cations with
more active cations is the only way to extract rare earth elements
from ore bodies (Huang et al., 2015, 2021). At present, the in situ
leaching method is mainly used for the recovery of rare earth
mineral resources. Specifically, without damaging the vegetation
on the surface of the mountain, the injection hole is drilled on the
mountain surface and the leaching agent (MgSO4 solution) is
injected into the injection hole (Xiao et al., 2015; He et al., 2022a);
oduction and hosting by Elsevier B.V. This is an open access article under the CC BY-
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the magnesium ions in the solution can desorb the rare earth ions
adsorbed on the surface of clay minerals, then rare earth leachate is
formed and collected through the liquid collection ditch; finally, the
rare earth elements are extracted from the collected rare earth
leachate (Nie et al., 2020; Wang et al., 2020; Zhou et al., 2021).

This method avoids the stripping of topsoil, reduces the mining
cost, and has significant popularization and application value.
Nevertheless, there are two significant problems in the field
application of in situ leaching process: (1) Empirical determination
of injection well pattern parameters lacks theoretical support.
Problems such as “where is the leaching agent extracted” have not
been well solved (Wang et al., 2018); and (2) The unsaturated flow
law and mechanism of the ion-absorbed rare earth in situ leaching
are not sufficiently studied, and the accurate multi-hole fluid in-
jection theory model has not been established. The key link of in
situ leaching mining technology is to set well pattern parameters
and conduct multi-hole infiltration, while the existing studies
mainly focus on the wetting front migration law of ionic rare earth
single-hole liquid injection. Guo et al. (2018, 2020) studied the
influence law of ion-adsorption rare earth ore particle composition
on the migration distance of wetting fronts, and established a
model for calculating the influence range of single-hole injection
based on the Green-Ampt model. Gui et al. (2018) found that when
the well network is infiltrated, the smaller the injection hole
spacing, the stronger the interaction between the hole networks.
However, only a single-hole injection wetting front migration
model was established based on the Philip mode. At present, there
is no research on the effect of intersection of multi-hole liquid in-
jection on the migration of wetting front in ion-adsorption rare
earth, and only some relevant studies have preliminarily explored
the influence law of intersection and infiltration of multi-point
sources under different conditions (Li et al., 2017; Fan et al., 2020,
2022). Studies showed that the smaller the spacing between dual
point sources, the faster the migration of the wetting front at the
intersection interface (Jiang et al., 2022), and that intersection
infiltration would increase the NH4

þ-N content of the soil at the
intersection interface (He et al., 2022b), but would lead to a
decrease in infiltration (Fan et al., 2022). However, the influence
law and mechanism of intersection effect are not analyzed
comprehensively. Furthermore, the aforementioned studies have
all employed drip infiltration without a head height. In contrast, in
situ leaching of ion-adsorption rare earth ore involves a head
height, leading to a more complex effect of the intersection effect
between injection holes on wetting front migration. Therefore, it is
necessary to deeply understand and analyze the wetting front
migration law of the ion-adsorption rare earth during the multi-
hole liquid injection, to explore the influence mechanism of the
intersection effect between injection holes on the migration of
wetting front.

The infiltration process of the leaching agent into ion-
adsorption rare earth ores belongs to unsaturated infiltration
(Chen et al., 2022). In recent years, many water infiltration models
have been developed to simulate water migration in saturated and
unsaturated soils, and model algorithms have been derived to
obtain accurate model solutions (Al-Ogaidi et al., 2016; Dang et al.,
2020). The existing physical models can be used to describe the
infiltration process in detail, among which the Richards model and
Green-Ampt model (Green and Ampt, 1911) are the most
commonly used models to simulate the infiltration process (Deng
and Zhu, 2016; Mao et al., 2016). The solution of the Richards
model requires the iterative implicit numerical method, therefore,
the calculation process of this model is complex and the calculation
amount is large (Rasheed and Sasikumar, 2015). The Green-Ampt
model is an analytical solution derived based on the Darcy’s law,
which has the advantages of simple calculation, high accuracy and
clear physical meaning of model parameters. The model presents
the assumption of a piston model saturated in the wet zone and
was initially applied to soils with uniform, dry, and rough textures.
Subsequently, many scholars have made significant improvements
(Liu et al., 2021). Therefore, this model has been widely used in
various infiltration situations (Yin and Xie, 2016; Liu et al., 2020;
Mohammadzadeh-Habili and Khalili, 2021), such as inclined sur-
faces (Chen and Young, 2006) and layered soils (Ma et al., 2010;
Mohammadzadeh-Habili and Heidarpour, 2015). The multi-hole
infiltration of ion-adsorption rare earth ore belongs to three-
dimensional (3D) unsaturated infiltration, and a wetting area
similar to an ellipsoid will be formed under the liquid injection
hole. To effectively describe the migration characteristics and in-
fluence scope of the wetting body by the Green-Ampt model, the
Green-Ampt model was modified from different perspectives
(Zhang et al., 2019, 2020). Vigo et al. (2021) established the infil-
tration models of hemispherical and circular sources based on the
Green-Amptmodel without considering the depth of surface water.
Assuming that the interior of the wetting body is saturated, Guo
et al. (2018) established the influence range of single well fluid
injection of the ion-adsorption rare earth under the condition of
constant water head height based on the conventional Green-Ampt
model. Sepaskhah and Chitsaz (2004) proposed an empirical model
based on the Green-Amptmodel to determine the radius and depth
of the wetting front during drip irrigation. Through the Green-
Ampt theory, Fei et al. (2019) derived a mathematical model for
predicting the shape of the wetting front at a known infiltration
rate. Unfortunately, the theoretical models all focus on single-hole
injection and do not consider the effect of the intersection between
injection holes on the migration of wetting fronts, and there is a
large difference between the theoretical study and the real infil-
tration. Moreover, the Green-Ampt model was applied to ellip-
soidal infiltration without correction for two key parameters,
hydraulic conductivity and matrix suction, the choice of which will
have an impact on the calculation results (Sorensen et al., 2014; Hsu
et al., 2017). Therefore, there is an urgent requirement to establish a
calculationmodel for thewetting front migration distance of multi-
hole unsaturated liquid injection to provide theoretical guidance
for the in situ leaching process.

In this study, the multi-hole liquid injection tests and single-
hole liquid injection tests on ion-adsorption rare earth ores under
the constant water head height were completed, the differences of
wetting front migration between multi-hole liquid injection and
single-hole liquid injection were analyzed, and the influence
mechanism of intersection on wetting front migration was
revealed. The study also improved the piston model assumption of
saturation in the wetted zone in the conventional Green-Ampt
model, and calculated the unsaturated hydraulic conductivity and
matrix suction during ellipsoidal infiltration. The effect of inter-
section of multi-hole liquid injection on the migration of wetting
fronts was considered for the first time, and this effect was quan-
tified based on the Darcy’s law. By combining the Green-Ampt
model with the intersection effect, a model for the migration of
wetting fronts in ion-adsorption rare earth ore with multi-hole
unsaturated injection was established. The research results enrich
the infiltration law and theory of ion-adsorption rare earth ores
during the multi-hole liquid injection. Besides, this study also
provides a scientific basis for optimizing the liquid injection well
pattern parameters of ion-adsorption rare earth in situ leaching in
the future.
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2. Test materials and methods

2.1. Test materials

The test samplewas taken from an unexploitedmine in Dingnan
County, Ganzhou City, Jiangxi Province, China, as shown in Fig. 1.
The simple geological profile and schematic diagram of in situ
leaching for this ion-adsorption rare earth ore are presented in
Figs. 2 and 3, respectively. The sampling location was in the
completely weathered layer 3 m below the topsoil. The basic
physical and chemical indices of undisturbed rare earth samples
were tested according to the geotechnical test procedures. The
basic physical parameters of the test sample are shown in Table 1.
2.2. Experimental methods

The minimum infiltration unit of multi-hole liquid injection for
ion-adsorption rare earth ore was three adjacent liquid injection
holes. Considering the influence of dual intersection on the inter-
mediate liquid injection hole, the ore body in the middle part of the
dual intersection was taken as the main analysis object. Since the
leaching started simultaneously in the three liquid injection holes
under the same water head height, the dual intersection surface on
both sides was symmetrical about the middle liquid injection hole.
Therefore, the area between the intersection surface on either side
and the middle liquid injection hole can be studied (Dong et al.,
2012). The model equivalence principle is shown in Fig. 4.

Fig. 5 shows the self-designed test device. The length, width and
height of the test chamber were 40 cm, 60 cm and 40 cm, respec-
tively, the wall thickness was 1 cm, and the outer wall of the test
chamber is labeled with scales. The partition in the figure was the
intersection surface (zero flux plane). The water flux on both sides
of the zero flux plane was zero, and there was no exchange of liquid
volume. Therefore, the acrylic partition can be used to simulate the
zero flux plane during the intersection, the spacing of liquid in-
jection holes can be controlled by moving the position of the
partition, and the one-way intersection infiltration test and single-
hole infiltration test of different liquid injection hole spacings can
be completed. The whole test system was composed of an acrylic
test chamber, acrylic partition, peristaltic pump, liquid injection
hole, overflow hole, measuring cylinder, computer and digital
camera.

As the sample was taken from the completely weathered layer
of ion-adsorption rare earth ore, the ore sample had a loose
structure and poor cohesion, which was easy to be damaged during
transportation. Therefore, the original sample was not suitable for
preparing standard test samples. To avoid the above defects,
remolded samples were taken as the object of this study. The
quality of the required ore sample was calculated according to the
Fig. 1. Sampling location.
dry density of rare earth samples and test requirements. The air-
dried rare earth samples were loaded into the acrylic test box in
three layers using the layered compaction method (Xu et al., 2021).
Once the test started, the data were recorded every 10 min, the
position of thewetting front directly below the liquid injection hole
was recorded through the scale on the acrylic test box to charac-
terize the shape of the wetting front, and the wetting front
migration process was photographed. The overflow hole was used
to maintain a constant water head height of the liquid injection
hole. The actual infiltration amount was calculated by recording the
total amount of liquid injection and the amount of water flowing
out of the overflow hole, so as to analyze the change in the overall
water content of the rare earth sample during the infiltration
process.

3. Results and discussion

3.1. Migration law of wetting front during the multi-hole liquid
injection

The shape change of the wetting front on the wetting profile is
the most intuitive embodiment of the migration law of the wetting
front during the multi-hole fluid injection. Fig. 6aec shows the
wetting front migration of the ion-adsorption rare earth ores dur-
ing the multi-hole liquid injection, and Fig. 6d shows the wetting
front migration of the ion-adsorption rare earth ores during the
single-hole liquid injection. It can be found that at the initial infil-
tration stage and the pre-intersection stage, the shape of wetting
fronts of the multi-hole fluid injection and single-hole fluid injec-
tion is the same, which is approximately a quarter ellipse (Zhao
et al., 2010). With the progress of infiltration, the wetting front of
multi-hole liquid injection migrates to the partition (zero flux
plane) and the intersection occurs. On one side of the partition, it is
observed that the shape of the wetting area on the intersection
surface is a quarter ellipse (Cheng et al., 2007). During continuous
liquid injection, the migration distances of the wetting front at the
intersection and that directly below the liquid injection hole are
becoming closer to the same horizontal line, and the shape of the
wetting body gradually evolves from a quarter ellipsoid to a right-
angled trapezoid. To facilitate the comparative observation of the
shape changes of the wetting front at different spacings, the posi-
tions of the wetting front at different periods are depicted in the
coordinate system, as shown in Fig. 7. The wetting front migration
before and after the intersection during the multi-hole liquid in-
jection is different. Therefore, the multi-hole unsaturated liquid
injection of ion-adsorption rare earth ore can be divided into two
stages: the pre-intersection stage and the post-intersection stage.

3.2. Intersection effect on the migration distance of wetting front
directly below the injection hole

To efficiently determine the well pattern parameters in the
actual leaching process, it is necessary to understand the inter-
section effect on the wetting front migration distance in the infil-
tration process, and determine the relationship between the
influence range of the wetting front during the multi-hole fluid
injection and the infiltration time. Among them, the maximum
wetting front migration distance Zf(t) directly below the liquid in-
jection hole is the key parameter of wetting front migration. Fig. 8
summarizes the migration distances Zf(t) of the wetting front
directly below the injection holes of multi-hole and single-hole
liquid injection. The comparison results show that at the pre-
intersection stage, the migration distances of the wetting front
directly below the injection holes of the single-hole and multi-hole
liquid injection are the same; at the post-intersection stage, the



Fig. 2. Geological profile of ion-adsorption rare earth ore.

Fig. 3. Schematic diagram of in situ leaching of ion-adsorption rare earth ore.

Table 1
Basic physical parameters of ion-adsorption rare earth samples.

Bulk density
(g/cm3)

Natural water
content (%)

Specific
gravity

Sand
content (%)

Silt
content
(%)

Clay
content
(%)

1.32 17 2.62 42.67 51.13 6.2

Fig. 4. Model equivalence diagram.
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migration distance of the wetting front directly below the injection
hole of multi-hole liquid injection is gradually greater than that of
single-hole liquid injection. With the increase in infiltration time,
the gap between the two becomes larger and larger. This is can be
explained as follows: after the intersection of the wetting front
during the multi-hole fluid injection, a zero flux plane is formed at
the intersection; there is no exchange of liquid amount on both
sides of the zero flux plane (Lei et al., 1988), which hinders the
migration of the horizontal wetting front. Therefore, the wetting
front can only move vertically downwards along the intersection
surface (Yuan et al., 2010). The vertical migration of liquid amount
at the intersection increases the water content in the wetting body,
which accelerates the wetting front migration directly below the
injection hole in the multi-hole fluid injection at the post-
intersection stage.



Fig. 5. Test device.
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3.3. Intersection effect on water content per unit volume of wetting
body

As mentioned in Section 3.2, the intersection of liquid injection
holes accelerates the migration of the wetting front directly below
the liquid injection holes. Understanding the influence mechanism
of intersection is of great significance for establishing the wetting
front migration model of the ion-adsorption rare earth during the
multi-hole liquid injection. Fig. 9 shows the variation curves of
water content per unit volume of the wetting body over time. It can
be found that the water content per unit volume of the wetting
body at stage I decreases sharply with the infiltration time,
regardless of multi-hole or single-hole liquid injection. At stage II,
the water content per unit volume of the wetting body decreases
slowly with the infiltration time. This is mainly because the volume
of the dry ore sample decreases gradually with the increased vol-
ume of the wetting body, resulting in a gradual decrease in the
overall matrix suction of the soil sample (Hsu et al., 2017); besides,
a saturated area is gradually formed below the liquid injection hole
(Yao et al., 2019; Zhang et al., 2022), resulting in a slow decrease in
the infiltration rate. As a result, the water content per unit volume
of the wetting body decreases sharply at first and then slowly
during the infiltration process. The water content per unit volume
curves of wetting bodies during multi-hole and single-hole liquid
injection is compared. It is found that at the pre-intersection stage,
the water content per unit volume curves of wetting bodies during
the single-hole andmulti-hole liquid injection basically coincide. At
the post-intersection stage, the water content per unit volume of
wetting bodies during the multi-hole liquid injection is greater
than that of single-hole liquid injection under the influence of the
intersection. At the same infiltration time, the water content per
unit volume of wetting bodies increases with the decrease of liquid
injection hole spacing. Among them, the water content per unit
volume of the wetting body of the single-hole liquid injection is the
lowest. It strongly indicates that the intersection of the wetting
bodies increases the water content per unit volume of the wetting
body during the multi-hole liquid injection, thereby accelerating
the migration of the wetting front. Analysis of the wetting front
migration pattern and wetting front shape at the intersection
interface in Fig. 10 shows that the wetting front at the intersection
interface and the single-hole liquid injection wetting front migra-
tion pattern are similar, and both have a power function relation-
ship with the infiltration time. Moreover, the shape of the
intersection interface is a quarter ellipse, which is exactly similar to
the image of the wetting front migration in the single-hole liquid
injection. The intersection interface is formed due to the intersec-
tion between wetted bodies, and the intersection interface is
similar in shape to the single-hole liquid injection wetting peak,
indicating that during the process of infiltration, the intersection
effect leads to the formation of a hydraulic gradient at the inter-
section, which will increase the water content per unit volume of
the wetted body and thus accelerate the migration of the wetting
front. The influence of the intersection effect on the wetting front
migration directly below the injection hole is essentially the effect
of the hydraulic gradient at the intersection.
4. Theoretical modeling

4.1. Establishment of wetting front migration model at the pre-
intersection stage

According to the test results in Section 3.1, the multi-hole liquid
injection process of ion-adsorption rare earth can be divided into
two stages: the pre-intersection stage and the post-intersection
stage of wetting fronts. At the pre-intersection stage, there is no
interaction between the injection holes. Thus, the wetting front
migration process at the pre-intersection stage of multi-hole un-
saturated liquid injection can be described by the wetting front
migration model during the single-hole unsaturated liquid injec-
tion. At the post-intersection stage, the intersection has an impact
on the wetting front migration, and an infiltration model of the
multi-hole unsaturated liquid injection considering the intersec-
tion effect is required. Firstly, the wetting front migration model at
the pre-intersection stage of single-hole unsaturated liquid injec-
tion is studied. The single-hole unsaturated liquid injection belongs
to a 3D infiltration problem. The liquid injection hole has a constant
head height, and the shape of the wetting body below the liquid
injection hole is approximately half of an ellipsoid. To study the
relationship between wetting front migration distance and infil-
tration time, the vertical profile of the center of the injection hole is
taken for research. All the vertical profiles of the center of the in-
jection hole are the same. At this time, the 3D infiltration problem is
transformed into a two-dimensional (2D) infiltration problem.
Fig. 11 shows the analysis diagram of the wetting front character-
istics during the unsaturated single-hole liquid injection. The
radius of the liquid injection hole is defined as r0, and the water
head height of the liquid injection hole is defined as h. With
reference to the conventional and the improved Green-Ampt
models (Green and Ampt, 1911; Fei et al., 2019), the basic as-
sumptions of this model are as follows: (1) At the beginning of
infiltration, the surface water content of the ore sample below the
injection hole is saturated; (2) The soil sample is homogeneous;
and (3) The water flux from the injection hole to each point on the
wetting front is the same.

According to the Green-Ampt model and Darcy’s law, the infil-
tration rate i below the liquid injection hole can be expressed by

i ¼ K
hþ Sf þ Zf

L
(1)

where K is the hydraulic conductivity; h is the water head height; Zf
is the migration distance of the wetting front directly below the
injection hole; Sf is the matrix suction; and L is the distance from
any point (x, 0) below the liquid injection hole to (a, b) below the
liquid injection hole.

In the in situ leaching process of ion-adsorption rare earth ore,
the radius of the liquid injection hole is also an important param-
eter. When applying a one-dimensional (1D) Green-Ampt infiltra-
tion model to 2D infiltration, the radius of the liquid injection hole
should be considered. Therefore, if a>0, Eq. (1) is integrated to



Fig. 6. Measured diagrams of wetting front migration: (aec) Multi-hole liquid injection at liquid injection hole spacings of 10 cm, 12 cm and 14 cm; and (d) Single-hole liquid
injection.

Fig. 7. Results of the wetting front migration: (aec) Multi-hole liquid injection at liquid injection hole spacings of 10 cm, 12 cm and 14 cm; and (d) Single-hole liquid injection.
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Fig. 8. Relation curves of migration distance and time of wetting front directly below
the liquid injection hole: (a) 10 cm spacing, (b) 12 cm spacing, and (c) 14 cm spacing.
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obtain the water flux Dq of a single liquid injection hole on one
side:

Dq ¼
Zr0
�r0

K
hþ Sf þ Zfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� xÞ2 þ b2

q dx

¼ K
�
hþ Sf þ Zf

�
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ ðaþ r0Þ2

q
þ aþ r0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ ðaþ r0Þ2
q

þ a� r0

(2)

If a < 0, Eq. (1) is integrated and the same result is obtained.
Thus, the water flux at any point on the wetting front is Dq. As
shown in Fig. 11, on the vertical profile, the infiltration length of the
liquid injection hole is 2r0, the width is the unit width, and the
infiltration rate i is the ratio of water flux to its area (only the
infiltration source area on the right half of Z-axis is taken here),
then the infiltration rate on either side is

i ¼ Dq
r0

¼
K
�
hþ Sf þ Zf

�
r0

ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ ðaþ r0Þ2

q
þ aþ r0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ ðaþ r0Þ2
q

þ a� r0
(3)

When a ¼ 0, b ¼ Zf, the infiltration rate i at any point directly
below the injection hole can be obtained as follows:

i ¼
K
�
hþ Sf þ Zf

�
r0

ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2f þ r02

q
þ r0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z2f þ r02
q

� r0
(4)

In this study, the interior of the wetting body is considered as an
unsaturated zone, which is more in line with the actual infiltration
situation. In the unsaturated infiltration model, the matrix suction
and hydraulic conductivity are two main parameters, which are
mainly affected by the water content. Their selection influences the
calculation results (Sorensen et al., 2014). Therefore, the distribu-
tion law of water content in the wetting front of single-hole un-
saturated liquid injection should be determined first. It is found
that the distribution of water content in the wetting front of the
ion-adsorption rare earth during the single-hole unsaturated liquid
injection is similar to that of rare earth samples under 1D vertical
infiltration (Peng et al., 2012; Jie et al., 2020). The water content
decreases from the center of the injection hole to the surface of the
wetting front, and the change rate of the water content increases
gradually. It can be seen that the radial position of the wetting front
and the change of water content conform to the elliptic curve
equation, as shown in Fig. 12.

According to the characteristics of the elliptic curve, the water
content at any point in the wetting front meets the elliptic curve
equation (Peng et al., 2012). Therefore, the water content at any
point x directly below the liquid injection hole is

ðq� q0Þ2
ðqs � q0Þ2

þ x2

Z2f
¼ 1 (5)

where qs is the saturated water content, q0 is the initial water
content of the rare earth sample in cm3/cm3, x is the distance be-
tween a point on the radius of the wetting front and the center of
the liquid injection hole, and q is the water content of the ore
sample at the distance x from the point O on the radius of the
wetting front.

Therefore, the water content at any point x directly below the
liquid injection hole in the wetting front is

q ¼ ðqs � q0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

Z2f

s
þ q0 (6)

However, some researchers found that the soil moisture content
cannot reach saturation during unsaturated infiltration and cannot
be expressed by the conventional permeability coefficient (Li et al.,
2012). Xu et al. (2019) tried to express the soil moisture content in
terms of the infiltration coefficient corresponding to the average
moisture content of thewet zone, but the results were not accurate.
In the proposed unsaturated infiltration model, the relationship
between the unsaturated hydraulic conductivity and the internal
water content of the wetting body is considered (Brooks and Corey,
1966). The unsaturated hydraulic conductivity in the BC model is
used to replace the saturated hydraulic conductivity of the



Fig. 9. Relation curves between water content per unit volume and time.

Fig. 10. Relation curves of migration distance and time of the wetting front at the
intersection.

Fig. 11. Analysis of wetting front characteristics during the single-hole unsaturated
liquid injection.

Fig. 12. Relation curve between the radial position of wetting fronts and water
content.
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conventional Green-Ampt model (Zhang et al., 2020). The deriva-
tion process is as follows:

K ¼ KsSle (7)
Se ¼ q� qr
qs � qr

(8)

l ¼ 3þ 2
m

(9)

m ¼ �dðlnSeÞ
d
�
lnSf

� (10)

where Se is the effective saturation, qr is the residual water content,
qs is the saturated water content in cm3/cm3, m is the aperture
distribution index, l is a parameter related to the aperture distri-
bution index m, K is the unsaturated hydraulic conductivity, and Ks
is the saturated hydraulic conductivity.

The relationship between the water content of ore samples and
matrix suction can be described by the Van Genuchten model (van
Genuchten, 1980) as follows:

q� qr
qs � qr

¼ 1h
1þ

�
aSf

�nim (11)

where qr is the residual water content in cm3/cm3; and a, n and m
are the optimization parameters of the model.

When Eq. (11) is introduced into Eq. (10), the aperture distri-
bution index can be expressed by

m ¼
mn

�
aSf

�n
1þ

�
aSf

�n ¼ mn
�
1� S1=me

�
(12)

To ensure that the aperture distribution index is single and
effective, the effective saturation Se ¼ 0.5 is taken (Lenhard et al.,
1989). Therefore, Eq. (12) can be written as follows:

m ¼ mn
�
1�0:51=m

�
(13)

The average hydraulic conductivity of the whole wetting front
can be obtained as follows:



Fig. 13. Comparison of migration distance of the wetting front.

Y. Wang et al. / Journal of Rock Mechanics and Geotechnical Engineering 16 (2024) 483e496 491
K ¼
KS

RR
S

�
q�qr
qs�qr

�l

dS

S
(14)

As expressed in Eqs. (5) and (6), the relationship between the
wetting front migration distance and thewater content at any point
within the wetting front can be described by an elliptic curve.
Therefore, by substituting Eq. (6) into Eq. (14), the expression of the
unsaturated hydraulic conductivity inside the wetting front can be
obtained as follows:

K ¼
KS

RR
S

2
4ðqs � q0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

Z2
f

q
þ q0 � qr

3
5l

dS

Sðqs � qrÞl
(15)

In the infiltration process of the leaching solution, the interior of
the wetting body is in an unsaturated state, and the water content
of each radius inside the wetting body is different, leading to
different matrix suction values. Neuman (1976) studied the effect of
the unsaturated wetting body on matrix suction. This method is
adopted in this study, and the matrix suction Sf in the wetting body
can be expressed as follows:

Sf ¼
ZSf
0

krdSf (16)

kr ¼ K
KS

(17)

where kr is the relative hydraulic conductivity.
When Eq. (7) is introduced into Eq. (16), the average matrix

suction can be obtained:

Sf ¼
Z 1

a

"�
qs�qr
q�qr

�1=m

�1

#1=n

0
1h

1þ
�
aSf

�niml
dSf (18)

In this study, the air-dried rare earth sample is used, and its
initial water content q0 is approximately equal to residual water
content qr. As shown in Eq. (18), when q0 ¼ qr, the initial matrix
suction of the rear earth sample is infinite (Zhang et al., 2020).
However, the dry rare earth ore sample cannot have an infinite
matrix suction, and it is also impossible to have an infinite matrix
suction in the leaching process. In addition, there is no convergence
in Eq. (18) when the integral upper limit approaches infinity.
Therefore, a reasonable value must be selected as the upper limit of
the integration of this expression. After multiple integration cal-
culations, when the upper limit of the integration is 104e107cm, the
change of the initial matrix suction of the ore sample has little
impact on the overall integration result (Lu and Godt, 2008; Pham
et al., 2018). Finally, the initial matrix suction can be set as 105 cm,
which is a conservative and reasonable value for describing the
actual situation.
Table 2
The fitted physical parameters of ore samples.

qs (%) qr (%) m n a Ks (cm/min)

37.35 3.8 0.3584 1.5587 0.0086 0.0374
To solve the unsaturated hydraulic conductivity and matrix
suction, the soil-water characteristic curve of the ore body is fitted
by the RETC software to determine the parameters in the Van
Genuchten model, as shown in Table 2.

Matrix suction and hydraulic conductivity are two key param-
eters of the unsaturated infiltration model. After the above deri-
vation, these parameters can be obtained. Based on the Green-
Ampt model and the water balance principle, the relationship be-
tween the infiltration amount I and the migration distance of the
wetting front Zf can be obtained at the infiltration time t:

I ¼
ZZ
U

2
4ðqs � q0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

Z2f

s
þ q0

3
5dS (19)

where U is the integral area in cm2, and S is the vertical maximum
section area of the wetting body in cm2.

By differentiating the cumulative infiltration volume with
respect to time, the infiltration rate i at any point on the wetting
front directly below the liquid injection hole can be written as

i ¼ dI
dt

¼ 1
3
pðqs � q0Þ

dZ2f
dt

¼ 2
3
pðqs � q0ÞZf

dZf
dt

(20)

By combining Eqs. (4) and (20), Eq. (21) can be obtained:

K
�
hþ Sf þ Zf

�
r0

ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2f þ r02

q
þ r0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z2f þ r02
q

� r0
¼ 2

3
pðqs � q0ÞZf

dZf
dt

(21)

The migration distance Zf of the wetting front is integrated on
(r0, Zf), and the infiltration time t is integrated on (0, t) as follows:

ZZf
r0

2Zf

K
�
hþ Sf þ Zf

�
ln

ffiffiffiffiffiffiffiffiffiffiffiffi
Z2
f þr02

p
þr0ffiffiffiffiffiffiffiffiffiffiffiffi

Z2
f þr02

p
�r0

dZf ¼
Zt

0

3
pðqs � q0Þr0

dt (22)

where

Sf ¼
Z 1

a

"�
qs�qr
q�qr

�1=m

�1

#1=n

0
1h

1þ
�
aSf

�niml
dSf



Fig. 14. Characteristic analysis of wetting fronts at the post-intersection stage of the
multi-hole liquid injection.
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3
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The Matlab is used to integrate the above equations, and the
mathematical relationship between the wetting front migration
distance Zf and time t is calculated. The expression mainly includes
the radius of the liquid injection hole r0, the height of the liquid
injection head h, initial water content q0, the saturated water
content qs, the saturated hydraulic conductivity Ks and other pa-
rameters. If these parameters are known, the calculation results of
the model can be obtained by programming with Matlab software.
The measured values of the wetting front migration distance, the
calculated values of the wetting front migration distance model at
the pre-intersection stage of the multi-hole unsaturated liquid in-
jection and the calculated values of the conventional wetting front
migration distance model during the single-hole saturated liquid
injection are compared, as shown in Fig. 13. The correlation coef-
ficient between the measured value and the calculated value of the
wetting frontmigration distance at the pre-intersection stage of the
multi-hole unsaturated liquid injection is R2 ¼ 0.996. It indicates
that the fitting results are good and meet the actual needs of the
project. The correlation coefficient between the measured value
and the calculated value of the conventional wetting front migra-
tion distance model during the single-hole saturated liquid injec-
tion is R2 ¼ 0.943. It indicates that the proposed wetting front
migration model at the pre-intersection stage of the multi-hole
unsaturated liquid injection has a better performance.

To further evaluate the accuracy of the model, the root mean
square error (RMSE), percentage of bias (PBIAS) and Nash-Sutcliffe
efficiency coefficient (NSE) in statistics are used to evaluate the
consistency between the calculated value of the model and the
measured value, as expressed in Eqs. (23)e(25), respectively. RMSE
reflects the average absolute error of the calculated value and the
measured value, PBIAS reflects the relative error of the calculated
value and the measured value, and the NSE coefficient reflects the
consistency between the calculated value of the model and the
measured value over time. The closer the RMSE is to 0 and PBIAS <

�10%, the smaller the difference between the measured value of
the test and the calculated value of the model, and the higher the
accuracy of the model. The grading standard of the NSE coefficient
is as follows: Excellent (NSE �0.9), Good (0.8e0.9), Acceptable (0.6e
0.8) and Unsatisfactory (<0.65) (Ritter and Muñoz-Carpena, 2013).
For the wetting front migration model at the pre-intersection stage
of the unsaturated multi-hole fluid injection, the RMSE and PBIAS
are 0.626 and 5.27%, which are better than the traditional wetting
front migration model of single-hole saturated fluid injection
(RMSE is 1.29 and PBIAS is 12.26%). The NSE coefficient of the
wetting front migration model at the pre-intersection stage of the
multi-hole unsaturated liquid injection is 0.938, which is at the
level of Excellent; while the NSE coefficient of the conventional
wetting front migration model during the single-hole saturated
liquid injection model is 0.749, which is only in the level of
Acceptable. The results show that the proposed model in this study
is superior to the conventional model during the single-hole
saturated liquid injection.

RMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
n

Xn
i¼1

ðZi � SiÞ2
vuut (23)
PBIAS ¼

Pn
i¼1

ðZi � Si
�

Pn
i¼1

Zi

� 100% (24)

NSE ¼ 1�

Pn
i¼1

ðZi � SiÞ2

Pn
i¼1

ðZi �MÞ2
(25)

where Zi is themeasured value of the test at the infiltration time t, Si
is the calculated value of the model at the infiltration time t, M is
the average value of the test value, and n is the number of data.

4.2. Establishment of wetting front migration model at the post-
intersection stage

After the wetting front of ion-adsorption rare earth during the
multi-hole liquid injection intersects, the intersection effect can
increase the water content per unit volume in the wetting body.
The intersection effect on the water content in the wetting body is
converted into the water head height directly above the intersec-
tion through Darcy’s law. The water head height can change with
the variation of the spacing between the injection holes and the
infiltration time. The formation of water head height can also in-
crease the water content per unit volume in the wetting body and
accelerate the downward migration of the overall wetting front.
Based on this, the wetting front migration model at the post-
intersection stage of multi-hole unsaturated liquid injection is
established in this study. Fig. 14 shows the characteristic analysis of
wetting fronts at the post-intersection stage of the multi-hole
liquid injection.

As shown in Fig. 14, the intersection is mainly affected by the
liquid injection holes on both sides of the intersection surface. The
flow qw of the intersection area can be obtained based on the
Darcy’s law:

qw ¼ k
2hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z2w þ b2
q dA ¼ k

2hZwffiffiffiffiffiffiffiffiffiffiffi
Z2
wþb2

p
Zw

dA (26)



Fig. 15. Model diagram of water head height directly above the liquid injection hole.
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where b is the half distance between injection holes in cm, Zw is the
migration distance of the wetting front at the intersection in cm, h
is the water head height of the liquid injection hole in cm, and dA is
the area of the liquid injection hole in cm2.

After the intersection of wetting fronts during the multi-hole
liquid injection, the equivalent head height directly above the
intersection is h2:

h2 ¼ 2hZwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2w þ b2

q (27)

As shown in Fig. 10, after the intersection of wetting fronts
during the multi-hole liquid injection, the shape of the intersection
surface is quarter elliptical, which is similar to the wetting front
migration rule during the single-hole liquid injection. Based on this,
the relationship between the migration distance and time of the
wetting front at the intersection can be deduced. The migration of
the wetting front at the intersection is mainly affected by the
equivalent head height h2. The infiltration rate iw at the intersection
can be obtained through Darcy’s law and Green-Ampt model:

iw ¼ K
hþ Sf þ Zwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ Z2w

q (28)

Eq. (28) is integrated into the area of liquid injection holes to
calculate the infiltration rate iw at the intersection, and the equiv-
alent head height h2 is substituted into the equation. Therefore, the
infiltration rate iw at any point directly below the intersection is

iw ¼

K

0
B@ 2hZwffiffiffiffiffiffiffiffiffiffiffi

Z2
wþb2

p þ Sf þ Zw

1
CA

r0
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2w þ r20

q
þ r0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z2w þ r20

q
� r0

(29)

Based on the water balance principle and the improved Green-
Ampt infiltration model, the cumulative infiltration amount at the
intersection can be obtained. The derivative of the cumulative
infiltration amount with time can also be used to obtain the infil-
tration rate iw at the intersection:

iw ¼ dIw
dt

¼ 1
3
pðqs � q0Þ

dZ2w
dt

¼ 2
3
pðqs � q0ÞZw

dZw
dt

(30)

By combining Eqs. (29) and (30), Eq. (31) can be obtained as
follows:

K

0
B@ 2hZwffiffiffiffiffiffiffiffiffiffiffi

Z2
wþb2

p þ Sf þ Zw

1
CA

r0
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2w þ r20

q
þ r0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Z2w þ r20

q
� r0

¼ 2
3
pðqs � q0ÞZw

dZw
dt

(31)

Eq. (32) can be obtained by simplifying Eq. (31):

ZZw
r0

2Zw

K

0
B@ 2hZwffiffiffiffiffiffiffiffiffiffiffi

Z2
wþb2

p þ Sf þ Zw

1
CAln

ffiffiffiffiffiffiffiffiffiffiffi
Z2
wþr20

p
þr0ffiffiffiffiffiffiffiffiffiffiffi

Z2
wþr20

p
�r0

dZw ¼
Zt

0

3
pðqs � q0Þr0

dt

(32)

Due to the influence of the intersection, the equivalent water
head height that changes with the location of the wetting front at
the intersection is formed directly above the intersection, and this
equivalent water head height also accelerates the migration of the
wetting front directly below the liquid injection hole. The inter-
section is affected by the liquid injection holes on both sides, ac-
cording to the Darcy’s law, the flow qf at the wetting front directly
below the injection hole can be obtained:

qf ¼ k
h
Zf

dAþ k

4hZwffiffiffiffiffiffiffiffiffiffiffi
Z2
wþb2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2f þ b2

q dA ¼ k
hþ 4hZfZwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðZ2
f þb2ÞðZ2

wþb2Þ
p

Zf
dA (33)

Therefore, the equivalent water head heightH directly above the
liquid injection hole is obtained:

H ¼ hþ 4hZfZwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
Z2f þ b2

��
Z2w þ b2

�r (34)

Fig. 15 shows the equivalent model.
So far, the influence of intersection on the wetting front directly

below the liquid injection hole is transformed into the influence of
variable water head height of a single-hole on the wetting front
directly below the liquid injection hole. After obtaining the
expression of equivalent water head height directly above the
liquid injection hole, according to the Green-Ampt model and
Darcy’s law, the migration model of the wetting front directly
below the liquid injection hole is expressed as follows:

ZZf
r0

2Zf

K

2
664hþ 4hZfZwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðZ2
f þb2ÞðZ2

wþb2Þ
p þ Sf þ Zf

3
775

ffiffiffiffiffiffiffiffiffiffi
Z2
f þr20

p
þr0ffiffiffiffiffiffiffiffiffiffi

Z2
f þr20

p
�r0

dZf

¼
ZT
0

3
pðqs � q0Þr0

dt

(35)

where

T ¼ t þ t0
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where T is the infiltration time in min, t0 is the intersection time in
min, and t is the migration time of the wetting front at the inter-
section in min.

Eq. (32) can be used to calculate Zw at time t, which can be
substituted into Eq. (35) to obtain Zf at time T. The measured values
of the wetting front migration distance directly below the liquid
injection hole are compared with the calculated values of the
model at different liquid injection hole spacing. As shown in Fig. 16,
the correlation coefficients R2 are above 0.97, indicating that there
are good fitting results. The PBIAS is less than 6%, NSE coefficients
are greater than 0.91, and the classification is above the level of
Excellent. It indicates that themodel has a good fitting performance.
As shown in Fig. 16, the measured values are generally lower than
the calculated values of the model. This is mainly because the
intersection effect is a cumulative process, while the calculated
values of the model are instantaneous, which leads to the larger
model calculation results. Besides, the larger the liquid injection
hole spacing, the less significant the intersection effect at the initial
intersection stage. With the increase of infiltration time, the
intersection effect increases, and the error rate of the proposed
model gradually decreases.
Fig. 16. Calculated and measured values of wetting fronts directly below the liquid
injection hole: (a) 10 cm spacing, (b) 12 cm spacing, and (c) 14 cm spacing.
5. Conclusions

In this study, the intersection effect of the wetting front of ion-
adsorption rare earth ores during the multi-hole unsaturated liquid
injection on the infiltration process is analyzed, as well as its in-
fluence mechanism. Based on the Green-Ampt model, the wetting
front migration model of ion-adsorption rare earth ore during the
multi-hole unsaturated liquid injection is established. The main
conclusions are drawn as follows:

(1) The infiltration process of the multi-hole fluid injection for
ion-adsorption rare earth ores can be divided into two
stages: the pre-intersection stage and the post-intersection
stage. At the pre-intersection stage, the shape of the wet-
ting front is a quarter ellipse, and the wetting front migration
law of the multi-hole fluid injection is consistent with that of
the single-hole fluid injection. At the post-intersection stage,
the zero flux plane is formed at the intersection, which ac-
celerates the migration of the wetting front under the in-
jection hole. The shape of the wetting front is approximately
a right-angled trapezoid.

(2) The water content per unit volume in the wetting body
during the infiltration process of multi-hole fluid injection
and single-hole fluid injection is calculated. It is found that
the water content per unit volume of the wetting body
during the multi-hole fluid injection is greater than that of
the single-hole fluid injection. It indicates that the intersec-
tion of the wetting fronts during the multi-hole fluid injec-
tion can increase the water content per unit volume of the
wetting body, thereby accelerating the overall wetting front
migration.

(3) The wetting front migration law and wetting front shape at
the intersection interface are similar to that during the
single-hole injection. Therefore, there is a virtual head height
directly above the intersection, which is mainly due to the
accumulation and vertical migration of liquid volume at the
intersection interface (zero flux plane). Based on this, the
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influence of intersection on the wetting front migration can
be transformed into the influence of virtual head height.

(4) Based on the law of mass conservation and the Green-Ampt
infiltration model, the wetting front migration model of ion-
adsorption rare earth ores at the pre-intersection and post-
intersection stages of the multi-hole unsaturated liquid in-
jection is derived. The calculated values of the proposed
model are consistent with measured values, with a high
degree of coincidence. Therefore, the proposed model can
better predict the influence range and infiltration rate of the
wetting body under the condition of multi-hole liquid
injection.
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