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Soils are not necessarily uniform and may present linearly varied or layered characteristics, for example
the backfilled soils behind rigid retaining walls. In the presence of large lateral thrust imposed by arch
bridge, passive soil failure is possible. A reliable prediction of passive earth pressure for the design of
such wall is challenging in complicated soil strata, when adopting the conventional limit analysis
method. In order to overcome the challenge for generating a kinematically admissible velocity field and a
statically allowable stress field, finite element method is incorporated into limit analysis, forming finite-
element upper-bound (FEUB) and finite-element lower-bound (FELB) methods. Pseudo-static, original
and modified pseudo-dynamic approaches are adopted to represent seismic acceleration inputs. After
generating feasible velocity and stress fields within discretized elements based on specific criteria, FEUB
and FELB formulations of seismic passive earth pressure (coefficient Kp) can be derived from work rate
balance equation and stress equilibrium. Resorting to an interior point algorithm, optimal upper and
lower bound solutions are obtained. The proposed FEUB and FELB procedures are well validated by limit
equilibrium as well as lower-bound and kinematic analyses. Parametric studies are carried out to
investigate the effects of influential factors on seismic Kp. Notably, true solution of Kp is well estimated
based on less than 5% difference between FEUB and FELB solutions under such complex scenarios.
© 2024 Institute of Rock and Soil Mechanics, Chinese Academy of Sciences. Production and hosting by
Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).
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1. Introduction as the principal method used in this study, aiming to obtain the true

solution at limit state.

There are some conditions in practice where lateral pressures
are generated to push soils. When a retaining wall experiences
certain displacements to reach a limit equilibrium state, such lateral
pressure corresponds to passive earth pressure beyond which soils
would undergo passive failure. Comparatively, a much larger
displacement is required for a retaining wall to reach its passive
limit state, in contrast to active case. Nonetheless, such passive
failure is also possible under large lateral pressures, for example, in
the abutment of arch bridges. Apart from physical modelling, limit
analysis is capable of providing rigorous upper and lower bounds to
passive earth pressure analysis, and due to its efficacy, it is selected
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Within the framework of plasticity theory, limit analysis con-
sists of lower- and upper-bound theorems based on which true
solution for the problem of interest can be well limited to a range of
lower- and upper-bound solutions. It is worthwhile pointing out
that it is challenging to perform a complete limit analysis due to the
construction of a kinematically admissible velocity field and a
statically allowable stress field, particularly in non-uniform soils.
For simplification, preliminary studies were principally performed
for homogeneous and isotropic soils (Chen, 1975; Chen and Liu,
1990), where linear Mohr-Coulomb (MC) criterion was adopted
for calculating static and seismic passive earth pressures. There-
after, some researchers (e.g. Soubra, 2000; Liu et al., 2018; Yang and
Li, 2018; Li and Yang, 2019a, 2019b; Li et al., 2020) computed pas-
sive and active earth pressures acting on rigid retaining walls, from
the perspective of upper bound theorem. In contrast, a lower bound
analysis was carried out for evaluation of passive earth pressure in a
homogeneous soil (Lancellotta, 2007). In order to account for non-
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uniform soils, some techniques are necessitated for this specific
purpose. For example, Qin and Chian (2020) proposed a
discretization-based kinematic analysis procedure and combined
the merits of discretization technique and upper-bound analysis to
investigate pseudo-static and pseudo-dynamic passive earth pres-
sures, in considerations of non-uniform soils. Definitely, finite-
element upper-bound (FEUB) analysis is capable of considering
almost all scenarios including non-uniform soil parameters, in the
analysis of passive earth pressures. Note that in the study of Shiau
et al. (2008), however, such powerful method was applied to
evaluate passive earth pressures, merely accounting for uniform
and cohesionless soils, without providing lower bound solutions. In
contrast, a finite-element lower-bound (FELB) analysis was only
performed in Fathipour et al. (2020, 2021) to evaluate lateral earth
pressures by virtue of second-order cone programming. In the
above literature, FEUB and FELB procedures were separately
applied to assess passive earth pressures specific to limited sce-
narios, which is not the case in slope stability analysis where both
upper- and lower-bound solutions were calculated (Oberhollenzer
et al,, 2018; Ukritchon and Keawsawasvong, 2018; Qin and Zhou,
2023; Zhou and Qin, 2023). Therefore, in order to estimate the
true solution of seismic passive earth pressure, FEUB and FELB
procedures are adopted and developed, which is the motivation of
this study.

It is acknowledged that earthquake is a major trigger for engi-
neering failure, including for retaining walls. Selection of earth-
quake inputs is imperative for accurate prediction of lateral earth
pressures. Apart from the commonly used pseudo-static approach,
pseudo-dynamic approach is mainly adopted in this study. Such
approach provides a compromise between accurate but complex
acceleration time-history and simple but approximate pseudo-
static approach. The original pseudo-dynamic approach was pro-
posed by Steedman and Zeng (1990), in order to represent a linearly
varied horizontal acceleration when shear wave propagates along a
retaining wall. This aids to mimic tempo-spatial earthquake effects.
Thereafter, some authors adopted such approach to further esti-
mate passive earth pressures, by means of limit equilibrium only
(e.g. Choudhury and Nimbalkar, 2005; Nimbalkar and Choudhury,
2007). Note that, however, violation of zero stress boundary con-
ditions at the ground surface exists in the original pseudo-dynamic
approach. The modified pseudo-dynamic approach was accord-
ingly developed to incorporate the spectral characteristics of site
response analysis, so as to overcome such main drawback. The
modified approach can also account for soil damping properties
and nonlinearly varied acceleration with depth. It was then applied
to investigate lateral earth pressures with limit equilibrium (Rajesh
and Choudhury, 2017; Srikar and Mittal, 2020), method of stress
characteristics (Santhoshkumar and Ghosh, 2020), as well as
discretization-based upper bound analysis (Qin and Chian, 2020)
and FELB analysis (Fathipour et al., 2020, 2021). Based on the above
studies, true solution of passive earth pressure is still difficult to be
estimated.

In this study, the core work is to develop dynamic FEUB and
FELB procedures for the assessment of seismic passive earth pres-
sure of backfilling soils on a rigid retaining wall, incorporating the
modified pseudo-dynamic approach. Meanwhile, a linear variation
in soil cohesion and friction angle is also incorporated in the pro-
cedures to encompass wider scenarios. Rigorous lower- and upper-
bound solutions are calculated under complicated conditions, and
based on which true solution of passive earth pressure is to be
better estimated. Effects of influential factors on FEUB and FELB
solutions and critical failure mechanisms are investigated to show
its implication on the design of a retaining wall in earthquake-
prone regions.

2. Problem description

This study is to investigate passive earth pressures of backfilling
soils acting on a rigid retaining wall. Such wall is characterized by
height H, and an inclination angle of 4, as illustrated in Fig. 1. When
wall friction is considered, passive earth pressures are inclined at an
angle of oy, (wall friction angle) with respect to the outward-drawn
normal direction of the wall. In this study, a linearly increased MC
soil strength profile is considered, with soil cohesion (cy) and
friction angle (¢p) at ground surface linearly increased to co and
¢@o at wall base level. Note that boundary conditions must be
satisfied, including zero velocity on vertical side boundaries and
model bottom in FEUB analyses, and zero stress on ground surface
in the absence of surface surcharge in FELB analyses. It is worth-
while highlighting that along wall back, unknown normal and
shear stresses induced by passive earth pressures are exerted on
backfilling soils in FELB analyses so as to meet stress equilibrium
conditions at such boundary. In order to avoid boundary effects, a
relatively large model is established.

3. Methodologies
3.1. Pseudo-dynamic earthquake methods

In the presence of an earthquake, a proper manner to charac-
terize earthquake inputs directly affects the accuracy of lateral
earth pressures. For comparison, the simplified pseudo-static
approach (P-s), original pseudo-dynamic approach (P-d), and
modified pseudo-dynamic approach (MP-d) are considered. In the
P-s analysis, the horizontal and vertical seismic forces (accelera-
tions) keep constant, to provide a quick estimate (Qin and Chian,
2020). Specific introduction of the P-d approach can be found in
Qin and Chian (2018, 2019) where the magnitude of seismic ac-
celerations varies linearly with depth by virtue of a constant
amplification factor f, and the initial phase difference between
horizontal and vertical accelerations is considered as zero in this
study. The MP-d approach provides another way to consider
earthquake inputs from the perspective of seismic response of soil
displacement. By means of double differential of soil displacement,
horizontal and vertical seismic accelerations are derived, satisfying
the equation of motion of stress waves and boundary conditions.
For discussion, the expressions of horizontal and vertical seismic
accelerations (ay(t,y) and ay(t,y)) at time t and position y are
shown as below:

kng
ty) =
ah( 7y) Cg +S§
*[(CsCsz + SsSsz)cos(mt) + (SsCsz — CsSsz)sin(wt)] (1)
ay(ty) = K&
W EE e
-[(CpCpz + SpSpz)cos(wt) + (SpCpz — CpSpz)sin(wt)] (2)

where ky, is the seismic horizontal coefficient at wall base, ky is the
seismic vertical coefficient at wall base, g is the gravitational ac-
celeration, w is the angular velocity (period T = 27/w). Cs, Csz, Ss,
Ssz, Cp, Cpz, Sp, Spz are intermediate parameters expressed by the
height of retaining wall H, position y, shear (primary) wave velocity
Vs (Vp) and soil damping ratio &, which can be found in published
literature (Pain et al., 2017; Rajesh and Choudhury, 2017).
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Fig. 1. Schematic of seismic passive earth pressure problem.

3.2. Finite-element lower-bound method

The lower-bound theorem demonstrates that geotechnical
structures subject to traction force T; and body force X; would not
fail, if a stress field a;; could be found, which is in equilibrium with
forces T; and X; and also does not violate yield criterion. It is noted
that in a lower bound analysis, equilibrium and yielding conditions
are considered. A statically allowable stress field is therefore
necessitated to derive lower-bound solutions.

The challenge of performing a lower-bound analysis lies in
generating a statically allowable stress field, which inhibits the
widespread use of such method to a great extent. Resorting to finite
element method, the whole domain of interest is discretized into
three-nodded triangular elements. Based on this, the stress field is
to be generated by following the conditions: (i) stress equilibrium
within each element, (ii) continuity of normal and shear stresses at
the interface of two adjacent elements, (iii) stress boundary con-
ditions, and (iv) no violation of MC yield criterion. Specifically, the
above conditions are represented by stress components which are a
linear combination of nodal stresses.

Based on the generated stress field, the traction force can be
selected as the objective function of a lower-bound analysis, which
is further transformed to a linear programming problem. Since this
study aims to compute passive force P, on a rigid retaining wall, it is
chosen as the objective function and is expressed by integrating
passive earth pressure Pp:

Py = [ppds 3)

where s is the portion of the boundary where Py, is applied.

In a lower-bound analysis, it is of interest to seek the highest
lower-bound solution. Equivalently, optimization of passive force
Py, is transformed to seek the maximal value of pressure pp. When a
dynamic analysis of passive earth pressures is investigated, time t is
discretized into time increments, and an optimal pp(t) value is
sought in each optimization. During earthquake period, a series of
pp(t) values are obtained and the minimal one leading to failure of a
retaining wall is deemed as the most dangerous. Accordingly, the
linear programming model for dynamic passive earth pressure is

AX — B,
o . AX =0

t .t. 4

minimize { maxjmize [py(0)] }st. {22 B, @
A4X < B4

where

X=[0x1 0y1 Ty1 Ox2 Oy2 Txy2 Gxnp Oynp Tymp ' iS
the vector of unknown stress components for a total of np nodes;
Aq,Bq,A;,A3,B3,A4, B, are the matrices of constraint coefficients
which are respectively assembled from matrices Af, B, AS A%, BS,
A}, and Bi4, based on elementary analyses. Specific expressions of
these parameters can also be found in the study of Qin and Zhou
(2023).

Eq. (4) is optimized by an interior point algorithm implemented
into MATLAB, so as to find out optimal passive earth pressures.
Afterwards, the passive force is obtained through integral calcula-
tions. As for retaining wall problems, it is of much interest to pre-
sent results in terms of dimensionless coefficients, for example
passive earth pressure coefficient Kp in this study. Based on the
assumption of a linear distribution of passive earth pressures along
the wall, Kp is expressed as

2/ppds

KP::—E—;——E (5)
Tcos7

where v is the unit weight of backfilling soils.

3.3. Finite-element upper-bound method

The upper-bound theorem indicates that failure of geotechnical
structures would occur or be imminent if applied external forces
are no less than the load computed from the equilibrium of external
and internal rates of work within a kinematically admissible ve-
locity field. It is worth pointing out that in an upper-bound analysis,
focus is placed on failure mechanism and energy dissipation (work
rates) calculations, without considering equilibrium conditions of
stress distribution. Prior to calculation of external and internal rates
of work, generation of a kinematically admissible velocity field is a
prerequisite.
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Analogous to FELB analyses, the model is discretized to linear
three-nodded triangular elements. In such a manner, the velocity
variable in a velocity field can be expressed by a linear function of
horizontal (1) and vertical (v) nodal velocities. In order to overcome
the challenge in an upper-bound analysis, i.e. generation of a
kinematically admissible velocity field, it shoud satisfy: (i) asso-
ciative flow rule within each element, (ii) velocity discontinuities
conditions, and (iii) velocity boundary conditions. By virtue of
nodal velocities, the mathematical model of a kinematically ad-
missible velocity field gives

AnXp —ApX; =0

Ay X1 —Ax3X3 =0 (6)

A31X; = B3
where Xy = [u; v u; »n Unp Vnp]T is the vector of
nodal velocities for a total of np nodes;
X = “11 PR A1p )121 222 Z2p ;\nel Znez

Znep ]T is the vector of plastic multiplier rates for ne elements in
which MC yield criterion is linearized with a p-polygon; X3 =

G11 &2 §13 S1a G G2 &3 fa o Enat Enaz Enas
£,44]" is the vector of plastic discontinuity multipliers for nd ve-
locity discontinuities; A11,A12,A21,A3,A31, B3 are the matrices of

constraint coefficients assembled from AS,, AS,, A3, AS;, A2, BY,,
respectively. The expressions of these parameters can be found in
Zhou and Qin (2020, 2022).

After having generated a velocity field based on Eq. (6), the next
step is to express rates of work produced by internal and external
forces in an upper bound analysis. Hereof, internal energy dissi-
pation consists of two parts: Wj,; within elements due to contin-
uous deformation and Wj,, on velocity discontinuities owing to
plastic shearing:

1
Wm1 +Win2 = //A (é'xﬂ'x+é‘y0'y+§’xl'xy)dA+/C(éa+éb)dl
0

(7)

where oy, gy, Txy are the planar stress components of a point within
an element; éy,éy,7Yy, are the plastic strain rates; Ea 5b are
nonnegative plastic discontinuity multiplier; A is the area of the
model of interest; and [ is the length of velocity discontinuities.
Applied external forces include body and extraction forces.
When an earthquake is considered, seismic loading is usually
regarded as body forces. The external rates of work by soil weight
(Wex1) and seismic forces (Wey3) are therefore expressed as

”’} /dA+ y)y/udA (8)

As for traction force, it consists of wall cohesion and passive force
acting on potential failure block. The rates of passive earth pressure
(Wex2) and that of cohesive force (Wey4) are written as

Wex] + Wex3 = |:1

Wex2 = / [pp sin(éw — A)v+ pp cos(dw — A)u|ds (9)

S

Wexq = /(cwu €os A+ cwu sin A)ds (10)

P-s FEUB
6 {======= P-s FELB
A P-sFELB (Tang et al., 2014)

¢ P-s kinematical method (Soubra, 2000)
11—+ — P-s FEUB (Shiau et al., 2008)
— - — - P-s FELB(Shiau et al., 2008)

5 eerenneee P-s method (Kumar, 2001)

X P-d method (Ghosh et al., 2011

P-d FEUB X

4=0°, ¢, =0 kPa, ¢/yH=0,
k=0, H/TVS =0.3 H/TVP =0.16, /=1

0 025 0.5 0.75 1
S/

Fig. 2. Comparison of P-s and P-d solutions of Kp from different approaches.

where ¢y is the wall cohesion, s is the length of wall back where p,
and cy are applied.

Based on work rate balance equation, the upper bound formu-
lation of passive earth pressure is

_ Winl + WinZ - Wexl - Wex3 - Wex4
Pp=—5 (11)
/ Sin(0w — A)v + cos(ow — A)uds

N

For optimization, the nonlinear objective function of passive
earth pressure is transformed to a linear programming model
subjected to [, sin(ow — A)v+ cos(bw — Auds = 1:

ml + WmZ Wexl - Wex4 (12)

Pp = — Wexs

Relatively, it is straightforward to optimize Eq. (12) with a linear
programming technique. In combination with the velocity field, the
FEUB model for performing a dynamic analysis of passive earth
pressure is expressed as

minimize mlnlmlze[ t) = X5 +CinX3 — Coy1 X
tte[tstarttend]{ X1,X>,X3 pp() Cin1 X2 in2/*3 ex1/%1

- Cex3X1 - Cex4xl] }

ApXi-ApX; =0
221;((1 —Aé3xa =0
31X1 = B3y
ST ConXy = 1.0 (13)
X, >0
X;>0

where Ci,1,Cina, Cex1, Cex2, Cex3, Cexqa are the vectors of objective
function coefficients which are partially assembled from C¢,;, CS,,,

Sx1r Cop Coxz and €Sy, respectively. The expressions of former
three parameters can be found in Zhou and Qin (2020). C?

Cw
and Cg;, are expressed as

e
ex2’ -ex3
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Con = [Mp1 Tpy 1 Mpx2 Mpy2]

e

€ = %[ah(t7y>av<t,y>ah(t,y>av<r,y>ah<t7y>av<r,y)]

Cgvm = [P w1 P Cwy1P cux2P cwy2]
(14)

where Npx1, Npy;» Mpx2» Npy2 are the equivalent nodal loading coef-
ficient of node i (i = 1, 2) to lateral earth pressure along the wall, g is
the gravitational acceleration, A® is the area of triangle e, P 1,
Pe,yq» Pe,x2s P, y2 are the equivalent nodal loading of node i (i = 1, 2)
to wall cohesive forces (cw) along the wall. Hereof, g5 (Cex3) is
time-dependent for a dynamic analysis (such as pseudo-dynamic
analysis in this study) and constant for a static analysis (such as
pseudo-static analysis).

Employing the interior point algorithm, Eq. (13) can be opti-
mized by virtue of MATLAB. Analogous to FELB analysis, the same
definition of passive earth pressure coefficient, Eq. (5), is used after
having calculated passive earth pressure, and in this case it gives an
upper-bound solution.

4. Comparison and discussion
4.1. Comparison with published literature

In the preceding analyses, FELB and FEUB methods are intro-
duced to assess passive earth pressures. An interior point algorithm
implemented into MATLAB is then applied to optimize lower- and
upper-bound models. In order to validate the robustness of pro-
posed procedures, comparison with published literature is carried
out, where both lower- and upper-bound solutions are verified.
Comparison results are illustrated in Fig. 2 where P-s and P-d so-
lutions are also calculated and compared in a cohesionless soil.
Based on the given parameters in Fig. 2, it is found that in the
absence of earthquakes (k,, = 0), the FELB solutions of Kp present
minor discrepancies with other lower bounds obtained from Shiau
et al. (2008) and Tang et al. (2014). More interestingly, the FEUB
solutions of this study are superior to other upper bounds by
Soubra (2000) and Shiau et al. (2008). Accordingly, the FEUB and
FELB procedures are proved to be valid for the assessment of static
passive earth pressures. Note that in the presence of an earthquake
(e.g. kn = 0.2), rigorous upper- and lower-bound solutions of Kp
calculated for ¢ = 20°, 25° and 30° are in good agreement with
Soubra (2000) and Tang et al. (2014), respectively, thereby sub-
stantiating the validity of FEUB and FELB procedures for pseudo-
static analyses of Kp. Moreover, the discrepancies between com-
parison results (upper vs. upper, lower vs. lower, and upper vs.
lower) become smaller, with the decrement of ¢. Meanwhile, non-
rigorous limit equilibrium solutions are also cited for the case of
¢ = 30°. It is seen that the P-d limit equilibrium results (Ghosh and
Kolathayar, 2011) are quite close to P-d FEUB Kp. In contrast, the P-s
limit equilibrium solutions (Kumar, 2001) are within the range of
lower and upper bounds, which are close to FELB solutions at small
wall friction (dw/¢ ratio) and approaching to FEUB solutions at large
0w/ ratios. Based on the above comparison, it can be concluded
that the dynamic procedures for FEUB and FELB analyses of passive
earth pressures are substantiated.

In an upper-bound analysis, it is straightforward to plot the
velocity field at limit state after having optimized an upper bound
solution. Taking the pseudo-static analysis for example, the velocity
fields at kn = 0 and 0.2 are compared with others. For the case of
cohesionless backfilling soils with a flat ground and smooth vertical
retaining wall, there is a Rankine solution for passive earth

5,=0°
»=20°
45°-9/2 2=0°
x £=0.0
k=0.0

¥ Rankine solution

7 \\‘)/&‘ P-s 6W:(p:200
(Soubra, 2000) =00
k=02

k,=0.0

(©

Fig. 3. Velocity fields of this study compared with the failure planes of: (a) static
Rankine solution, (b) static solution in Soubra (2000) and (c) seismic solution in Soubra
(2000).

13
{ ---=- P-s FEUB
12{ — — —P-sFELB 5
1 ] — - = P-s Kinematical method (Soubra, 2000)
] P-d FEUB
10 ] seeeeeeees P-d FELB
MP-d FEUB

94 = = =MP-dFELB

KP
(o]

A=0°, ¢, =0 kPa, ¢/yH=0, ¢p=40°,

] k=025, k,=0, H/TVs=0.15, f=1, &=0.1
0 5 10 15 20 25 30
9, (°)

Fig. 4. Comparison of P-s, P-d and MP-d solutions of Kp from different approaches.
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Fig. 5. Effects of dynamic properties on seismic Kp.

pressures where the failure plane is orientated at 45°-¢/2 to the
horizontal plane, as shown in Fig. 3a. It is worthwhile pointing out
that true solution of passive earth pressure is known for such
simple example, and it equals Rankine (lower-bound) solution.
When the critical velocity field from FEUB modelling is also plotted
in this figure, it is found that such failure plane well encompasses
the velocity field. This validates the FEUB result, and demonstrates
the upper-bound solution is very much close to the lower-bound, as
shown in Fig. 2, where the upper- and lower-bound solution almost
merge. As for a rough wall, the Rankine solutions are not easily
found. In this event, comparison is merely performed between
upper-bound solutions in terms of velocity fields and failure planes,
as presented in Fig. 3b and c. In Soubra (2000), the failure mecha-
nism is comprised by several triangular rigid blocks, and at limit
state the failure region is also similar to that encompassed by
critical velocity fields, which verifies the FEUB procedure for pas-
sive earth pressure analyses.

Another comparison is made with considerations to MP-
d analysis, with comparing results portrayed in Fig. 4. Similar as
above, P-s FEUB solutions of Kp are again verified by Soubra (2000)
with the kinematic method. Note that a smaller upper-bound so-
lution is predicted from this study, which demonstrates a better
estimate of Kp, particularly at higher d,, values. If the original
pseudo-dynamic approach is adopted for comparison, P-d FEUB
and FELB solutions are increased slightly, in contrast to the P-s re-
sults. However, it shows that a significant decrement in Kp is
resulted from the use of modified pseudo-dynamic approach. The
decreased MP-d solutions of Kp is attributed to amplified seismic
forces which facilitate soils to reach its passive limit state. With the
use of same parameters and MP-d approach, the Kp solutions from
limit equilibrium (Rajesh and Choudhury, 2017) are closer to FEUB
results, especially at larger d,,. On one hand, it indicates the
robustness of the MP-d FEUB procedure for predicting seismic
passive earth pressures. On the other hand, it reflects that limit
equilibrium solutions are neither lower- or upper-bounds. Mani-
festly, an exponent increase in passive earth pressure coefficient is
observed with increasing wall friction angles. This is because the
presence of wall friction is to prevent backfilling soils moving up-
wards to reach its passive limit state, thereby requiring larger
lateral forces to push soils at limit state. Interestingly, discrepancies

between FEUB and FELB solutions gradually increase with increase
of the angle dy, which demonstrates that such angle is quite sen-
sitive and the selection of a proper d,, has a significant effect on Kp.

4.2. Discussion on different earthquake inputs

In the following study, three types of earthquake inputs (seismic
acceleration) are discussed, including P-s, P-d and MP-d. The so-
lutions are obtained under the effects of wall parameters (H, 4, cy,
Ow), soil properties (v, co, Ch, @0, »n) and earthquake parameters (kp,
kv, T, Vp, Vs, f, £), with the default input parameters: H=5m, A = 10°,
cw = 10 kPa, é,y = 20°, vy = 18 kN/m3, co = 25 kPa, ¢, = 15 kPa,
oo = 30°, o = 25°, ky = 0.15, ky = 0.5k, H/TVs = 0.25, Vp = 1.87Vs,
f=1£6=015.

Its separate effects on passive earth pressure coefficient are
investigated and compared as presented in Fig. 5, where the dy-
namic properties of earthquake and linearly varied MC strength
parameters are considered. Hereof, H/TVs ratios vary from 0.03 to
0.6, which could cover a quite large range of seismic examples (e.g.
frequency of 0.6—12 Hz, for the case of H = 5 m and Vs = 100 m/s).
For ease of distinction, positive acceleration is defined as right-
wards and upwards. Undoubtedly, Kp in the P-s results remain
unchanged under H/TVs, due to the use of constant seismic co-
efficients. In contrast, P-d solutions of Kp show an upward trend
with the increase of H/TVs, for the case of ky = 0.5kp, which are no
less than P-s results. This demonstrates that the optimal case ap-
pears when the vertical seismic forces act downwards and the
downward force inhibits backfilling soils to reach its passive limit
state, thereby requiring larger lateral thrust. However, for the case
of ky, = —0.5kp, an opposite outcome is produced, i.e. the Kp values
in the P-d gradually decrease with increasing H/TVs and are ought
to be less than P-s Kp in this aspect. It is stemmed from the timing to
reach an optimal passive limit state, which is influenced by the
combined effects of H/TVs and direction of vertical seismic forces.
Given a duration of P-d earthquake, an increasing H/TVs ratio tends
to invert the direction of vertical seismic forces in the optimization
of Kp, in contrast to P-s cases. However, owing to the introduction of
MP-d approach where complicated expressions are derived to
represent seismic accelerations, Kp results are nonlinearly affected
by its dynamic properties. Specifically, MP-d Kp experiences a
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significant decrement, followed by an upward trend, and then de-
creases and increases repeatedly, when H/TVs increases. This is
mainly attributed to the cyclic properties of MP-d seismic acceler-
ations. More importantly, the minimal Kp values are sought at
certain scenarios, which could push backfills soils to reach its
passive limit state. Such minimal values are resulted from the
‘resonance’ effects when earthquake frequencies equal the natural
frequencies of soils, particularly the fundamental soil frequency at
H|TVs = 0.25. Meanwhile, these results are highly associated with
soil damping which aids to attenuate acceleration amplification.
The case of H/TVs = 0.25 demonstrates a worst case in passive earth
pressure analyses and is hence adopted in the following calcula-
tions. Interestingly, it is found that the minimal Kp appears at
different H/TVs for the cases of k, = +0.5k,. The main difference
herein lies in the initial direction of vertical acceleration, which
demonstrates an initial phase angle difference. Accordingly, phase
angle plays an important roil in the magnitude of Kp and timing to
reach its limit state. Overall, a passive state is easily to be achieved
when the vertical seismic forces act upwards, with less lateral
thrust required to push backfills soils, indicating a most dangerous
scenario for the occurrence of passive failure. Meanwhile, MP-d Kp
results are also calculated from average soil cohesion and friction
angle, besides linearly varied profiles. It is observed that Kp shows
an exactly same trend as that of using linearly MC parameters, with
the increase in H/TVs. Nonetheless, a much less Kp is induced when
average MC strength parameters are assumed to represent linearly
profiles, which will be further discussed later.

Note that in FEUB modelling, the velocity fields and failure
planes can be readily obtained through post-processing. Effects of
the P-s, P-d and MP-d seismic accelerations are therefore discussed
with the above parameters when MC strength parameters are
assumed to linear profiles and k, = 0.5k, as portrayed in Fig. 6. At
the worst case for MP-d analyses, i.e. H/TVs = 0.25, it is found that
passive failure blocks induced by the P-s and P-d accelerations are
similar in shape and dimension, and in such case the increased P-
d Kp value is resultant from downward seismic forces. However, a
much larger failure block is produced to reach the passive limit
state in the MP-d analysis, because the ‘resonance’ effects maxi-
mally amplify seismic accelerations. Meanwhile, another case with
H|TVs = 0.5 is also discussed and the required failure block becomes
much smaller in contrast to the case of H/TVs = 0.25. Although the
earthquake frequency is approaching to second-order natural fre-
quency of soils herein, amplification of seismic accelerations is
attenuated by soil damping, and hence fewer lateral forces

P-s: H/TVs=0.25
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Fig. 7. Effects of soil amplification factor f and soil damping ¢ on seismic Kp.

produced from earthquakes are provided and more other lateral
forces are required to push backfill soils to reach its limit state. It is
likely that the critical failure plane is composed by a curved section
near the wall and a straight line far away from the wall.

As discussed above, the P-s, P-d and MP-d approaches are
adopted to represent seismic accelerations. It is noted that soil
amplification factor f is used to directly portray linearly amplified
acceleration profiles when the shear waves propagate upwards. In
contrast, seismic accelerations amplify nonlinearly in the MP-
d approach, and the amplification is restrained by soil damping &.
Fig. 7 presents the effects of these two parameters on seismic Kp
where f varies from 0.6 to 1.4 and ¢ changes from 0.1 to 0.2
(normalized by 0.15 in this figure), based on the parameters used in
Fig. 5. As expected, the Kp value in the P-s solutions is irrespective of
factors f and £, which are not included in constant seismic accel-
erations. It is observed that a linear decrement in Kp is induced by
an increase of f. A large f means increased acceleration and seismic

P-d: H/TVs=0.25

MP-d: H/TVs=0.5

Fig. 6. Velocity fields and failure planes from: (a) P-s analysis with H/TVs = 0.25, (b) P-d analysis with H/TVs = 0.25, (c) MP-d analysis with H/TVs = 0.25, and (d) MP-d analysis with

H/TVs = 0.5.
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forces to push soils rightwards, thereby requiring less lateral thrust
and passive earth pressures in turn. In this way, selection of a
proper factor f can produce an equivalent Kp as that of P-s approach.
As for MP-d analyses, due to the soil damping, the FEUB and FELB
solutions of Kp are significantly increased with increasing £. The
larger &, the less seismic forces, and the more lateral forces required
to push backfilling soils. Since the worst scenario (at H/TVs = 0.25)
is discussed herein, the amplified seismic acceleration is still larger
than those of P-s and P-d inputs, the Kp value is hence smaller. Less
than 5% difference between FEUB and FELB solutions demonstrates
a quite reliable prediction of true passive earth pressure (Kp).

5. FEUB and FELB solutions

Following the preceding FEUB and FELB procedures, the P-s, P-
d and MP-d solutions of passive earth pressure coefficients are
calculated. In this section, some influence factors such as wall
inclination angle (1), wall friction angle (dw), wall cohesion (cy), and
linearly increased MC soil strength parameters are discussed,
aiming to provide a better understanding of their effects on a rigid
retaining wall at limit state. These results are presented in terms of
dimensionless coefficient Kp, for the ease of practical use in the
design or assessment of retaining wall problems.

Fig. 8 illustrates the effects of wall inclination on the P-s, P-d and
MP-d solutions of Kp, considering linearly varied and constant
(average) MC strength profiles. Manifestly, Kp decreases signifi-
cantly with the increase of angle A, demonstrating that passive
failure is more likely to happen at large and positive 1 values. Note
that in site where an arch bridge is to be designed or constructed, it
is fortunate to find that the A value as defined in Fig. 1 is usually
negative, and hence a much larger lateral force is required to make
surrounding soils reach its passive limit state. In other words, such
topography tends to have a large capacity to resist the thrust force
transferred from the abutment. Similar as above, P-d Kp at
ky = 0.5ky, is a little bit greater than P-s solutions because the
optimal P-d solution is sought when vertical seismic forces act
downwards. Reversely, the MP-d FEUB and FELB solutions are much
less than the above, owing to amplified seismic forces which
facilitate to push soils upwards. For the case of backfilling soils with
a linearly varied MC strength profile, the use of average strength

FEUB FELB
------------------------ P-s + linear profile

= ===- = === P-d+ linear profile
-+=++ =-=-- MP-d +linear profile
P-s + average profile
— — - P-d + average profile
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-20 -15 -10 -5 0 5 10 15 20
(%)

Fig. 8. Influence of wall inclination angle on seismic Kp.
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Fig. 9. Influence of wall friction angle on seismic Kp.

parameters tends to apparently under-estimate passive earth
pressures, based on which the design of such retaining wall would
be not economical. Therefore, in an effort to well predict solutions
of seismic Kp, adoption of meaningful parameters is a prerequisite,
such as reliable soil parameters and MP-d acceleration inputs with
more detailed dynamic information.

In Rankine method, a smooth wall is assumed, and wall friction
effects cannot be accounted for. Resorting to powerful FEUB and
FELB procedures, non-zero wall friction can be readily considered,
and its effect on seismic passive earth pressure coefficients is
illustrated in Fig. 9. It is expected that an increase in wall friction
angle tends to produce a large Kp value. Since the presence of wall
friction is to prevent nearby soils moving upwards, it inhibits soils
to reach its passive limit state, and additional lateral force is
therefore required. Again, it is substantiated that the P-d solutions
are slightly greater than P-s results, and the use of average MC
strength parameters could under-estimate Kp results. In contrast,
MP-d Kp is roughly 20% lower than the pseudo-static in the pres-
ence of large wall friction. More importantly, both FEUB and FELB
solutions are computed. It is observed that the discrepancies be-
tween upper- and lower-bound solutions gradually augment with
increase of the wall friction. However, less than 4.2% difference is
induced, demonstrating a sound estimate of true passive earth
pressure coefficient because it is well within this small range. A
more accurate Kp is estimated if a rigid retaining wall is not that
rough, and this is substantiated by a nearly true solution obtained
for a smooth wall in Fig. 2.

Velocity fields and failure planes under the effects of wall
inclination and friction angles are shown in Fig. 10 where MC
strength parameters are assumed to linear profiles in the MP-
d analyses. Similar to that in Fig. 3a, the critical failure plane is
likely to be a straight line for a smooth wall, although such wall is
inclined at 10° outwards. Note that with the increase of angle 6,
the passive failure block becomes larger, thereby requiring greater
lateral force (also Kp) to push soils behind a retaining wall to reach
its passive limit state, as shown in Fig. 9. Meanwhile, the failure
plane near wall toe gradually becomes curved. If a rigid retaining
wall is designed with a negative A value (e.g. —10°), the area
encompassed by velocity fields continues to increase, in contrast to
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Fig. 10. Velocity fields and failure planes under different A and é,, values: (a) A = 10°, é,, = 0°, (b) A = 10°, 6y, = 10°, (c) A = 10°, d, = 20°, and (d) A = —10°, 6, = 20°.
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that of A = 10°. The same explanation can be used to interpret the
change pattern of seismic Kp in Fig. 8. Overall, it shows that soils
behind a rigid retaining wall show a rotational-translational failure
mode, from the perspective of velocity fields.

Apart from wall friction, wall cohesion is another parameter
influencing seismic passive earth pressure on a retaining wall, and
its effect is presented in Fig. 11. Similar to wall friction’s effect, an
increasing Kp is produced with an increment of wall cohesion, and
differently, its increasing trend tends to be linear, which is attrib-
uted to a linear contribution of wall cohesion’s effect to total
external rates of work and can be found in Eq. (10). As expected, the
largest Kp is yielded with the use of P-d approach, followed by P-s
one, and a much less Kp is obtained by MP-d approach. This de-
pends on the magnitude of seismic forces, which facilitates the
backfilling soils to reach a passive limit state. The lager seismic
forces to push soils from the MP-d analysis, the smaller thrust force
from the retaining wall required. Based on different outcomes
produced by those three seismic inputs, it is preferred to adopting
the seismic acceleration closer to that in practice, so as to yield
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Fig. 12. Influence of soil cohesion increase on P-s, P-d and MP-d solutions of Kp.

more reliable results. Again, it displays that the use of average MC
parameters would under-estimate seismic passive earth pressure
coefficient, in comparison with a linearly increased profile for soil
cohesion and friction angle.

It is not unusual that soil cohesion tends to present a linearly
increased profile along depth in backfilling soils with varied de-
grees of compaction. Adoption of FEUB and FELB method could
readily take these effects into consideration, and the results are
shown in Fig. 12. Hereof, soil cohesion at ground surface is fixed as
cp = 15 kPa, and varying cp values are in the range of 15—30 kPa.
Apart from a linear increase in soil cohesion, an average profile
specific to arithmetic mean of ¢, and ¢g is considered as a special
case which is widely adopted in conventional limit analysis. Man-
ifestly, Kp tends to increase linearly with the increase of soil cohe-
sion increment, regardless of differing earthquake inputs and FEUB
or FELB methods. Overall, the use of average profile produces
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smaller Kp values, in contrast to the linear profile, and the
discrepancy becomes gradually widened. It also shows that adop-
tion of MP-d approach yields a much lower Kp, when comparing
with P-s and P-d solutions. The reduced Kp is highly dependent on
H|TVs ratios which play an important role in the amplification of
seismic forces. As stated earlier at H/TVs = 0.25, resonance effects
occur, and seismic forces are amplified to the highest level,
providing the maximum driving force to push backfilling soils to
reach its passive limit state, thereby requiring least lateral forces
with smallest Kp in turn. Aiming to design a conservative and
economical retaining wall, it is of vital engineering significance to
have a reliable soil strength profile and a proper manner to consider
external loadings such as seismic forces.

Apart from varied soil cohesion, internal friction angle of soils
may also vary with depth, due to geological formation process. At
fixed soil friction angle at ground surface (e.g. ¢ = 25°), Fig. 13
presents the effects of soil friction angle at the bottom (¢g) on
passive earth pressure coefficients. As expected the FEUB and FELB
solutions of Kp experience an upward trend when ¢ is increased
from 20° to 30°. An increased Kp value is attributed to additional
resistance provided by soils behind a wall to resist its upward
movement, which in turn requires more lateral force to push soils
to reach passive limit state. For example, Kp at g = 30° is 34.5%—
41.2% (depending on the adoption of different seismic inputs)
higher than that at ¢ = 20°. This demonstrates that soil friction
angle has a substantial effect on the determination of Kp. If an
average soil friction angle ¢ is assumed to represent such linear
profile, it is observed that at ¢g (¢) = 25° the same solution is ob-
tained. However, Kp on the left side of this point is greater for the
case of using constant profiles, and vice versa. In other words, the
use of assumed constant soil friction angle without considering its
true profile may over-estimate or under-estimate Kp solutions. In
contrast to the P-s and P-d solutions with f= 1.0, the MP-d solutions
are much lower and highly dependent upon H/TVs ratios. As for
above results, the discrepancy between FEUB and FELB solutions is
as low as 4.2%, based on which true Kp value is well estimated.
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6. Conclusions

This study aims to predict seismic passive earth pressure (co-
efficient) acting on a rigid retaining wall based on plasticity theory.
Pseudo-static, original and modified pseudo-dynamic approaches
are adopted to represent seismic acceleration inputs. In order to
account for linearly varied MC soil strength profiles in the process
of generating a kinematically admissible velocity field and a stati-
cally allowable stress field, the finite element method is adopted to
discretize the domain of interest into finite elements.

(1) Based on discretized feasible velocity and stress fields, stress
equilibrium and work rate equations are constructed, and
specific upper- and lower-bound solutions are obtained with
an interior point algorithm, forming the FEUB and FELB
procedures. Combining the merits of limit analysis with
finite element method, the proposed FEUB and FELB pro-
cedures are powerful to consider complicated scenarios
which cannot be readily solved in conventional upper- and
lower-bound analyses. After having validated the robustness
of the proposed FEUB and FELB procedures with published
literature, the effects of influence factors such as wall incli-
nation and friction angle, earthquake inputs and MC strength
properties on Kp are investigated.

(2) At passive limit state, the required lateral force is increased
with increments in wall friction angle, soil damping ratio and
MC strength parameters, and with a decrement of wall
inclination angle and soil amplification factor, thereby pro-
ducing an increased Kp. It shows that a more reliable pre-
diction of seismic passive earth pressure coefficient can be
obtained by virtue of modified pseudo-dynamic approach
where more dynamic properties of an earthquake are
accounted for and with the use of a closer to actual MC soil
strength profiles.

(3) Owing to amplified seismic acceleration, the FEUB and FELB
solutions of Kp are significantly reduced, which tends to
indicate a more dangerous scenario. The use of constant MC
strength parameters to represent linearly varied profiles
would over-estimate or under-estimate seismic Kp. Another
finding of this study is that less than 5% difference between
the FEUB and FELB solutions of seismic Kp is obtained, and
such narrowed range of upper and lower bounds aids to
provide a reliable and meaningful estimate for true passive
earth pressures.
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