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a b s t r a c t

The original unified hardening (UH) model, in which a straight Hvorslev envelope was employed to
determine the potential peak stress ratio of overconsolidated soils, is revised using a smoothed Hvorslev
envelope (Hermite-Hvorslev envelope). The strength at the intersection between the straight Hvorslev
envelope and the critical state surface (i.e. Mohr-Coulomb envelope) can be undefined due to the
discontinuous change in the slope of the two linear strength envelopes mentioned above. A smoothed
Hvorslev envelope is derived through Hermite interpolation to ensure a smooth change between the
proposed Hvorslev envelope and the zero-tension surface as well as a smoothed transition between the
proposed Hvorslev envelope and the critical state surface. The Hermite-Hvorslev envelope is then in-
tegrated into the original UH model, and then the UH models with four different functions of the
Hvorslev envelope are compared with each other. The UH model revised by the Hermite-Hvorslev en-
velope can well predict the mechanical behaviors of normally consolidated and overconsolidated soils in
drained and undrained conditions with the same parameters in the modified Cam-Clay model.
� 2018 Institute of Rock and Soil Mechanics, Chinese Academy of Sciences. Production and hosting by
Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Most clays encountered in geotechnical engineering are sub-
jected to a preconsolidation pressure higher than the current
pressure and, therefore, are overconsolidated to some extent
because of human activities (such as compaction, excavation, and
tillage) and changes in the environmental loads (such as landsides,
rainfall/evaporation, and fluctuations of groundwater level).
Theoretically, although soils are separated into normally consoli-
dated and overconsolidated soils, overconsolidated soils are more
general because normally consolidated soil can be regarded as a
special case of overconsolidated soil with an overconsolidation
ratio (OCR) equal to one. Soil behaves differently because of the
variation in the OCR value, which has been reported in many
experimental results (Banerjee and Stipho, 1979; Nakai and
Hinokio, 2004). Normally consolidated soil exhibits a mono-
tonically increasing stress ratio that will approach a constant
contractive volume change during shearing. On the other hand,
overconsolidated soil with an OCR greater than one may exhibit a
).
ock and Soil Mechanics, Chi-
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peak stress ratio and post-peak softening behavior subjected to
shearing, both of which become more distinct with increasing OCR.
In addition, compared with normally consolidated soil, over-
consolidated soil may show a dilative volume change after volume
contraction during shearing. The shearing related volume dilation
can be more distinct due to the increase in the OCR value. In
isotropic stress conditions, overconsolidated soil is less compres-
sive (i.e. stiffer) compared with the normally consolidated soil with
the identical initial stress, and the stiffness of the overconsolidated
soil gradually increases with an increase in the OCR.

The modified Cam-Clay model is successful in modeling the
mechanical behaviors of normally consolidated and lightly over-
consolidated clays (usually the OCR is less than 2), such as the
critical state and volume contraction caused by shearing. However,
it is not suitable for reproducing the mechanical responses of me-
dium or heavily overconsolidated clays, such as the peak strength,
post-peak softening and shear-dilation. Therefore, based on the
modified Cam-Clay model, a number of approaches have been
proposed to interpret and simulate the typical mechanical behav-
iors of overconsolidated soils, especially to build a unified consti-
tutive framework to describe the continuous behavior change of
soils for the entire range of the OCR (from 1 to infinite). For
example, Pender (1978) proposed a semi-empirical but practical
oduction and hosting by Elsevier B.V. This is an open access article under the CC BY-
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constitutive model for overconsolidated soils based on three hy-
potheses on the yield surface (f), potential surface (g) and hard-
ening function (h), using experimental observations. Mrŏz et al.
(1978) employed a set of nesting surfaces in the stress space in
addition to the yield surface to specify the variation of the ’hard-
ening moduli field’, during the deformation process with complex
loading programs involving loading, unloading and cycle loading.
Based on the concept of nesting surfaces, Dafalias and Herrmann
(1986) introduced the ‘bounding surface plasticity’ and then
applied the radial mapping version of the bounding surface plas-
ticity to modeling the mechanical behaviors of overconsolidated
clayey soils. The bounding surface plasticity was also included in
the MIT-E3 model (Whittle and Kavvadas, 1994) to reproduce the
irrecoverable, anisotropic and path-dependent behavior of over-
consolidated clays with an OCR less than eight. Ling et al. (2002)
incorporated rotational and distortional hardening rules into the
bounding surface formulation with an associated flow rule to pre-
dict the mechanical behavior of anisotropically overconsolidated
clays. Morvan et al. (2010) extended bounding surface plasticity
from saturated overconsolidated soils to unsaturated over-
consolidated soils. On the other hand, based on the concept of
nesting surfaces, Hashiguchi (1980) extended the concept of a yield
surface to the sub-yield state under the distinct yield state and
assumed the existence of a ‘sub-loading surface’ in the sub-yield
state. Nakai and Hinokio (2004) developed a constitutive model
based on the sub-loading surface plasticity to simulate the typical
deformation and strength behavior of normally consolidated and
isotropically overconsolidated clays in general stress conditions.
Most recently, Zhou and Sheng (2015) developed a hydro-
mechanical coupled constitutive model for unsaturated over-
consolidated soils based on the sub-loading surface plasticity.
However, most of these models have limited engineering applica-
tions due to the large number of model parameters. Some of these
model parameters, as noted by Yao et al. (2012), are difficult to be
calibrated through conventional laboratory tests, and their values
can often only be determined by a trial-and-error method.

For engineering applications, Yao et al. (2008a, 2009) proposed a
robust elastoplastic model to interpret the mechanical behaviors of
both normally consolidated and overconsolidated soils based on
the sub-loading surface concept, the straight Hvorslev envelope
and the unified hardening (UH) parameter (Yao et al., 2007, 2008b).
The proposed model, referred to as the original UHmodel, is simple
and practical because it only includes one additional parameter (i.e.
the Hvorslev slope) compared with the modified Cam-Clay model.
Yao et al. (2012) replaced the original straight Hvorslev envelope by
a parabolic one with an initial slope of less than 3 to avoid unre-
alistic implications in the original UH model because the zero-
Fig. 1. Interpreting shear strength using Mohr circles, the stra
tension surface is not included. It was employed in developing
time-dependent UH model (Yao et al., 2015). However, it is sub-
jective to assume that the Hvorslev envelope must be expressed by
an ad hoc parabolic function without justification. Therefore, Yao
and Zhou (2013) used the piecewise Hvorslev envelope (i.e. a
combination of the zero-tension line and the straight Hvorslev
envelope) when they extended the original UH model from
isothermal to non-isothermal conditions. However, with respect to
all three UH models, the Hvorslev envelope (straight, parabolic and
piecewise) cannot join into the critical state line (i.e. Mohr-
Coulomb envelope) smoothly. In other words, the slope of the
strength envelope is not continuous at the intersection (i.e. a sin-
gularity point) between the Hvorslev envelope and the Mohr-
Coulomb envelope. Such a discontinuity in the slope means that
the strength cannot be defined at this singular point when, for
example, Mohr circles are adopted to interpret the strength of soils.
This problem will be discussed in detail in the next section.

In this paper, Hermite interpolation is employed to smooth the
transition between the Hvorslev envelope and the zero-tension line
as well as the transition between the Hvorslev envelope and the
critical state line without additional parameter. The proposed
smoothed Hvorslev envelope, which is referred to as Hermite-
Hvorslev envelope, will be used to replace the straight Hvorslev
envelope which was employed in the original UH model. The UH
model revised with the Hermite-Hvorslev envelope will be
compared with the original UH model, the UH model with a
parabolic Hvorslev envelope and the piecewise Hvorslev envelope.
The revised UH model with the Hermite-Hvorslev envelope can
well predict the mechanical behaviors of normally consolidated
and overconsolidated soils using the same parameters in the
modified Cam-Clay model. Finally, drained and undrained triaxial
test results from the literature are used to validate the revised UH
model with the Hermite-Hvorslev envelope.

2. Hvorslev envelope and strength singularity

In geometry, an ’envelope’ of a family of curves in the plane is
defined as a curve that is tangent to each member of the family at
some points. The Hvorslev envelope is an envelope of a series of
Mohr circles at the peak condition for overconsolidated soils and
was initially proposed based on the regression of the results from
direct shear tests. In addition, as shown in Fig. 1, the Hvorslev en-
velope is usually associated with the Mohr-Coulomb strength en-
velope to describe continuous change in the shear strength (s) for
the entire range of the OCRs. It is commonly assumed that the
Hvorslev envelope is a straight line with a smaller slope compared
with the Mohr-Coulomb envelope (see Fig. 1). Therefore, the Mohr
ight Hvorslev envelope and the Mohr-Coulomb envelope.



Fig. 2. Unsmoothed transition and smoothed transition between the Hvorslev envelope and the Mohr-Coulomb envelope.
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circle tangent to the Hvorslev envelope is larger than the circle
tangent to the Mohr-Coulomb envelope if the initial confining
stress (s) is the same (such as the Mohr circle 1e4 versus the Mohr
circle 1e2 and the Mohr circle 3e8 versus the Mohr circle 3e7 in
Fig. 1). The difference in the shear strengths represented by the
Hvorslev envelope and the Mohr-Coulomb envelope decreases
with an increase in the initial confining stress (for example, the
radius ratio between the Mohr circles 3e8 and 3e7 is larger than
that between the Mohr circles 1e4 and 1e2 in Fig. 1). When soil is
normally consolidated, the Mohr circle can only be tangent to the
Mohr-Coulomb envelope, and the strength is governed by the
Mohr-Coulomb envelope only (see the Mohr circle 9e12 in Fig. 1).

However, such a piecewise strength envelope combining
straight Hvorslev envelope and Mohr-Coulomb envelope cannot be
used for a specific stress range between points A and B. Point A is
the center of the Mohr circle that is tangent to the straight Hvorslev
envelope at point C (the intersecting point between the Hvorslev
envelope and the Mohr-Coulomb envelope). Point B is the center of
the Mohr circle that is tangent to the Mohr-Coulomb envelope at
point C. All Mohr circles with centers at the left of point A (such as
Mohr circles 1e4, 3e8 and 5e10 in Fig. 1) have tangent points on
the Hvorslev envelope. All Mohr circles with centers at the right of
point B (such as Mohr circles 6e11 and 9e12 in Fig. 1) have tangent
points on the Mohr-Coulomb envelope. However, in terms of an
arbitraryMohr circle with its center located between points A and B
(i.e. point D in Fig. 2a), neither the Mohr-Coulomb line nor the
Hvorslev line can be used as the strength envelope of this Mohr
circle because neither of these two lines is tangent to it. Therefore,
such a piecewise strength envelope cannot be applied to the entire
stress range because of the unsmoothed transition (i.e. singularity
point C) between the Hvorslev and the Mohr-Coulomb envelopes.
Furthermore, such a piecewise strength envelope mismatches with
the definition of ’envelope’ in geometry because this piecewise line
is not tangent to each member of the family (i.e. each Mohr circle at
failure) at some points.

This problem can be solved (see Fig. 2b) if the transition be-
tween the Hvorslev envelope and the Mohr-Coulomb line can be
smoothed (i.e. the first-order derivative of the entire envelope is
continuous). Furthermore, for an overconsolidated soil, if all the
Mohr circles at failure with different confining pressures can be
determined experimentally, the envelope tangent to these Mohr
circles must be a smooth curve theoretically and it is unreasonable
that there is a singularity point on the strength envelope.

In addition, the unsmoothed transition between the Hvorslev
envelope and the Mohr-Coulomb envelope can also result in
computational difficulties due to the gradient discontinuity at the
singularity point when the piecewise strength envelope is used as
the yield function. With respect to normally consolidated soils, the
gradient discontinuity for the singularity points at both the edges
and the tip of the hexagonal pyramid (i.e. the Mohr-Coulomb
strength envelope) has been discussed by Sloan and Booker (1986)
and Abbo and Sloan (1995). From a computational point of view,
all of these singularity points should be removed by a mathematical
method to ensure that the strength envelope is smooth everywhere.
However, in terms of overconsolidated soils, the Mohr-Coulomb
envelope will be replaced by the piecewise strength envelope,
consisting of theMohr-Coulomb and the Hvorslev envelopes. Such a
replacement will introduce another singularity point (e.g. singu-
larity point C in Fig. 2a), which should be removed as well.

In summary, to meet the physical, geometrical and numerical
requirements, the strength envelope for normally consolidated and
overconsolidated soils should be continuous and smooth for the
entire stress range.

3. Smoothed Hvorslev envelope

To produce a Hvorslev envelope (qHV) that can smoothly join
into theMohr-Coulomb envelope at the intersecting point (pint), the
following four conditions should be met:

p ¼ 0; qHV ¼ 0
p ¼ 0; q0HV ¼ 3
p ¼ pint; qHV ¼ Mpint
p ¼ pint; q

0
HV ¼ M

9>>=
>>; (1)

where p is the effective mean stress; q0HV stands for the first-order
derivative of qHV towards p; M is the slope of the critical state line,
which is 6sinf/(3�sinf) if the Mohr-Coulomb criterion is
employed, and the Lode’s angle is �30�.

Hermite interpolation is employed to construct the Hvorslev
envelope that meets the four boundary conditions in Eq. (1). In
general, Hermite interpolation (H) towards nþ1 data points (each
point contains two conditions) can be written as

HðxÞ ¼
Xn
i¼0

½yiaiðxÞ þmibiðxÞ� (2)

where yi is equal to H(xi) and mi is equal to H0ðxiÞ: ai and bi are two
Hermite basis functions as follows:

aiðxÞ ¼ ½1� 2ðx� xiÞl0iðxÞ�l2i ðxÞ
biðxÞ ¼ ðx� xiÞl2i ðxÞ

)
(3)



Table 1
Basis functions and related parameters for Hermite interpolation.

Data point Functions and parameters

The first data point (i ¼ 0) x0 ¼ 0, y0 ¼ 0, m0 ¼ 3
l0 ¼ (p�pint)/pint
a0¼(1þ2p/pint) (p/pint�1)2

b0 ¼ p (p/pint�1)2

The second data point (i ¼ 1) x1 ¼ pint, y1 ¼ Mpint, m1 ¼ M
l1 ¼ p/pint
a1¼ (�2p/pint�1) (p/pint)2

b1 ¼ (p�pint) (p/pint)2
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where li(x) is the Lagrange basis polynomial function, l0iðxÞ is the
first-order derivative of li(x); and xi is the value of x at the i-th data
point. The first two conditions in Eq. (1) are related to the first data
point (i¼ 0), and the last two conditions in Eq. (1) are related to the
second data point (i ¼ 1). Substituting Eq. (1) into Eq. (2) and
replacing x by p, we have the basis functions and the related pa-
rameters for Hermite interpolation, as shown in Table 1.

Therefore, the smoothed Hvorslev envelope by Hermite inter-
polation, which is also referred to as Hermite-Hvorslev envelope,
can be written as

qHV ¼ p3

p2int
ð3�MÞ � 2p2

pint
ð3�MÞ þ 3p (4)

Eq. (4) is illustrated in Fig. 3, where the parabolic Hvorslev en-
velope proposed by Yao et al. (2012) is plotted for comparison
purposes. Fig. 3 shows that the Hermite-Hvorslev envelope can
realize the smoothed transition between the Hvorslev envelope
and the critical state line. The combination of the Hermite-Hvorslev
envelope and the Mohr-Coulomb envelope can result in a well-
defined strength envelope for the entire range of OCR and meets
the geometrical requirements for defining an ’envelope’.
4. Constitutive equations for UH model

Based on the straight Hvorslev envelope, Yao et al. (2009)
developed a simple but robust constitutive model for both nor-
mally consolidated and overconsolidated soils (i.e. the original UH
model) to reproduce the mechanical behaviors in the isotropic and
triaxial states, such as inelastic deformation in reloading, peak
Fig. 3. Schematic diagram of the Hermite-Hvorslev
strength, shear-dilation, and strain-softening. Some basic concepts
and assumptions in the original UHmodel are briefly reviewedhere.

4.1. Current and reference yield surfaces

In the original UH model, an ellipse is adopted as the current
yield surface following the modified Cam-Clay model (see Fig. 4,
solid ellipse OC). With respect to the current yield surface, the UH
parameter (H) is adopted to replace the plastic volumetric strain
ðεpvÞ that is used as the hardening parameter in the modified Cam-
Clay model. The current yield surface and its hardening law are
presented as follows:

pþ q2

pM2 � px ¼ 0 ðCurrent yield surfaceÞ

px ¼ px0 exp
�Z

1þ e
l� k

dH
�

ðHardening lawÞ

9>>>=
>>>;

(5)

where q is the deviatoric stress, and q ¼ hp, where h is the stress
ratio; px is the cross point between the current yield surface and the
p-axis; px0 is the equivalent initial effective mean stress (i.e.
px0 ¼ p0 þ q0

2/(M2 p0), where p0 and q0 are the initial mean stress
and initial deviatoric stress, respectively); e is the void ratio; k and l

are the elastic unloading index and elastoplastic compression index
for saturated soils, respectively; M is the stress ratio at the critical
state; and H is the UH parameter proposed by Yao et al. (2007,
2008b, 2009), which can be written as

H ¼
Z

dH ¼
Z M4

f � h4

M4 � h4
dεpv (6)

where Mf is the potential peak stress ratio and can be determined
based on the straight Hvorslev envelope (or other functions of
Hvorslev envelope, which will be discussed in the following sec-
tion). The initial size of the current yield surface is determined by
the value of px0 (see the initial ellipse OC0 in Fig. 4). During a triaxial
loading, e.g. conventional triaxial compression (CTC, see stress path
C0A in Fig. 4), the current state point moves from C0 to point A, and
the current yield surface expands fromOC0 toOC. The increments of
the UH parameter (dH) and the plastic volumetric strain (dεpv) can
be calculated from Eqs. (5) and (6) when the yield surface expands
from OC0 to OC. Conversely, the current yield surface can be
envelope and the parabolic Hvorslev envelope.



Fig. 4. Schematic diagram of the original UH model.
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determined according to Eqs. (5) and (6) with a given increment of
the plastic volumetric strain in strain-controlled loading.

In addition to the current yield surface, the reference yield
surface (see Fig. 4, dash ellipse OR), which is completely identical to
the yield surface in the modified Cam-Clay model, is adopted to
consider the effect of the stress history and further determine the
evolution of Mf (see the following section). The reference yield
surface and its hardening law can be written as

f ¼ pþ q2

pM2 � px ¼ 0 ðCurrent yield surfaceÞ

px ¼ px0 exp
�Z

1þ e
l� k

dεpv

�
ðHardening lawÞ

9>>>=
>>>;

(7)

where p and q are the reference mean stress and the reference
deviatoric stress, respectively; px is the cross point between the
reference yield surface and the p-axis; and px0 is the isotropic
preconsolidation pressure. The initial size of the reference yield
surface is specified by the value of px0 (see the initial ellipse OR0 in
Fig. 4). The expansion of the reference yield surface is controlled by
the plastic volumetric strain. The plastic volumetric strain produced
when the current yield surface expands from OC0 to OC leads to the
expansion of the reference yield surface from OR0 to OR (see Fig. 4).
It is noted that the expansion velocity difference between the
current and the reference yield surfaces is controlled by the value of
the term ðM4

f � h4Þ=ðM4 � h4Þ:
4.2. Mapping rule and similarity ratio

The reference yield surface can be determined by px0 and
the term related to the plastic volumetric strain (i.e.

R ½ð1þ eÞ=
ðl� kÞ�dεpvÞ: A mapping rule is still required to find the reference
point (see point A in Fig. 4) on the reference yield surface to specify
p and q: A geometrical mapping rule between the reference and the
current stress points is assumed as

h ¼ q=p ¼ q=p (8)

Eq. (8) indicates that the stress ratio of the current stress point is
always equal to that of the reference point. Geometrically, the
reference point is defined as the cross point between the reference
yield surface, a straight line passing through the origin (i.e. point O)
and the current state point (i.e. point A). Hashiguchi (1989) first
introduced the similarity ratio between a sub-loading surface and a
yield surface as a state variable in the unconventional plasticity
model. Asaoka et al. (2000) employed the similarity ratio between a
sub-loading surface and a super-loading surface as a state variable



Fig. 5. Determining the potential peak stress ratio using the Hermite-Hvorslev envelope.
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to quantify the evolution of the degree of overconsolidation during
triaxial shearing. Following Asaoka et al. (2000), the similarity ratio,
i.e. the ratio between the current mean stress (p) and the reference
mean stress (p), is adopted as a state variable (R):

R ¼ p=p (9)

where p can be solved from Eq. (7), and it can be written as

p ¼ px0
M2

h2 þM2 exp
�Z

1þ e
l� k

dεpv

�

4.3. Flow rule and elastic responses

The flow rule similar to that in the modified Cam-Clay model is
employed here:

dεpd
dεpv

¼ 2h
M2 � h2

(10)

where dεpd is the plastic deviatoric strain. The elastic volumetric
strain and elastic deviatoric strain are defined as follows:

dεev ¼ k

1þ e
dp
p

dεed ¼ 2ð1þ nÞ
9ð1� 2nÞ

k

1þ e
dq
p

9>>>=
>>>;

(11)

where n is the Poisson’s ratio, the value of which is usually esti-
mated between 0 and 0.4.

5. Determining potential peak stress ratio by Hermite-
Hvorslev envelope

The concept of potential peak stress ratio (Mf) is of critical
importance in the original UH model. Mf represents the
potential peak shear strength for normally consolidated and
overconsolidated soils and varies according to the evolution of the
similarity ratio (R) during shearing. It can be estimated from the
strength envelope for normally consolidated and overconsolidated
soils. In general, Mf can be written as

Mf ¼
qHV

���
pint¼p

p
(12)

Eq. (12) is a general equation to calculate the value of Mf.

qHV
���
pint¼p

is the deviatoric stress which can be determined from the

Hvorslev envelope when the mean stress of intersecting point is set
to the referencemean stress. In the revised UHmodel, the proposed
Hermite-Hvorslev envelope is adopted to replace the straight
Hvorslev envelope in the original UH model (see Fig. 4).
Substituting the proposed Hermite-Hvorslev envelope (i.e. Eq. (4))
into Eq. (12) and letting pint ¼ p, we have

Mf ¼ p2

p2
ð3�MÞ � 2p

p
ð3�MÞ þ 3 (13)

The process of determining Mf mentioned above can be inter-
preted through the following geometrical method. For a given
current stress state (i.e. current stress point A in Fig. 5), we can find
its corresponding reference stress point (point B), which is an
intersection between the reference yield surface and the straight
line (i.e. mapping rule) passing through both the origin (point O)
and the current stress point (point A). According to the location of
the reference stress point (point B), the intersecting point (point C)
between the Hermite-Hvorslev envelope and the critical state line
can be determined (i.e. pint¼ p). Once the intersecting point is fixed,
the location of the Hermite-Hvorslev envelope can be determined,
and the potential peak stress ratio (the stress ratio represented by
the point D, i.e. Mf) can be read from the Hermite-Hvorslev enve-
lope according to the current mean stress (mathematically repre-
sented by Eq. (13)).
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Substituting Eq. (9) into Eq. (13) yields

Mf ¼ R2ð3�MÞ � 2Rð3�MÞ þ 3 (14)

Eq. (14) indicates that the potential peak stress ratio based on
the Hermite-Hvorslev envelope can be written as a function of the
critical state stress ratio (M) and the similarity ratio (R), which does
not involve any additional material parameters.

In addition to the Hermite-Hvorslev envelope, the other ex-
pressions of the Hvorslev envelope can also be used to specify the
equation of Mf. For example, in the original UH model (Yao et al.,
2009), the Hvorslev envelope was assumed to be a straight line
(see Fig. 4) with the slope equal to Mh:

qHV ¼ ðM �MhÞðpint � pÞ þMp (15)

The corresponding potential peak stress ratio can be written as

Mf ¼ ð1=R� 1ÞðM �MhÞ þM (16)

Eq. (16) indicates that the potential peak stress ratio based on
the straight Hvorslev envelope requires an additional parameter
(i.e. the slope of the straight Hvorslev envelope, Mh) in addition to
the critical state stress ratio (M).

To satisfy the restriction that the stress ratio should always be
less than three in the p-q plane, a complicated parabolic function
(Yao et al., 2012) was adopted to represent the Hvorslev envelope as

qHV ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3M2pint
3�M

�
pþ M2pint

12ð3�MÞ
�s
� M2pint
2ð3�MÞ (17)

The corresponding potential peak stress ratio can be written as

Mf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3M2

ð3�MÞR
�
1þ M2

12Rð3�MÞ
�s
� M2

2Rð3�MÞ (18)

It is noted that Eq. (18) is based on a subjective assumption. It is
assumed that the Hvorslev envelope must be expressed by an ad
hoc parabolic function without any justification.

A piecewise Hvorslev envelope (Yao and Zhou, 2013) was sug-
gested to remove the subjective assumption (i.e. the Hvorslev en-
velope must be expressed by a parabolic function) but still satisfy
the restriction:

qHV ¼

8>>><
>>>:

3p
�
p � M �Mh

3�Mh
pint

�

ðM �MhÞðpint � pÞ þMp
�
p >

M �Mh
3�Mh

pint

� (19)

The corresponding potential peak stress ratio can be written as

Mf ¼

8>>><
>>>:

3
�
R � M �Mh

3�Mh

�
�
1
R
� 1

�
ðM �MhÞ þM

�
R >

M �Mh
3�Mh

� (20)
Table 2
Comparison of four different equations for the Hvorslev envelope.

Hvorslev envelope Restriction on the
maximum stress
ratio

Subjectiv
assumpti

Straight Hvorslev envelope (Eq. (15)) � O
Parabolic Hvorslev envelope (Eq. (17)) O �
Piecewise Hvorslev envelope (Eq. (19)) O O
Hermite-Hvorslev envelope (Eq. (4)) O O

Note: ’O’ denotes advantageous and ’�’ denotes disadvantageous.
The advantages and limitations of the four equations (i.e. Eqs.
(4), (15), (17) and (19)) representing the Hvorslev envelope are
compared in Table 2. Table 2 shows that all the equations for the
Hvorslev envelope, except the straight line, take into account the
restriction on the maximum stress ratio in the p-q plane. Only the
parabolic Hvorslev envelope assumes that the shape of the Hvor-
slev envelope is a parabolic curve beforehand. The straight Hvor-
slev envelope and the piecewise Hvorslev envelope are more
flexible when incorporating experimental data because both of
them employ an additional parameter (i.e. Mh). The parabolic
Hvorslev envelope and the Hermite-Hvorslev envelope are more
practical and applicable in practice, especially when the test data of
the peak strength are unavailable. Furthermore, only the Hermite-
Hvorslev envelope is smooth for the entire stress range and meets
the geometrical definition of an ’envelope’, which is the most
important in the proposed equation.

As illustrated above, all four different Hvorslev envelopes listed
above can be used to specify the value of Mf in Eq. (12). Eqs. (14),
(16), (18) and (20) represent the expressions of Mf based on the
Hermite-Hvorslev envelope, the straight Hvorslev envelope, the
parabolic Hvorslev envelope and the piecewise Hvorslev envelope,
respectively. The comparisons among these expressions of Mf show
that in addition to the material constants (such as M and Mh if
required), Mf is fully governed by the similarity ratio R. Because the
similarity ratio (R) changes during isotropic and non-isotropic
compressions, the value of Mf varies accordingly during the entire
loading process. For example, at the beginning of triaxial compres-
sion for overconsolidated soil (OCR > 1), Mf is at its highest value
because the value of R is the lowest at the initial state for loading
conditions. The highest value of Mf at the initial state can only be
regarded as a ‘potential’ strength, corresponding to the initial R.
Along with the increase in the deviatoric stress (i.e. the increase in
the stress ratio), R keeps increasing. The increase in R leads to a
decrease in Mf, which means that the potential strength of the soil
keeps decreasing during shearing. Once the stress ratio (h) equals
the potential strength (Mf), the potential strength becomes the real
peak strength of the soil. After the peak strength point, Mf keeps
decreasing until its value reachesM (critical state). Specially,Mf ¼M
if R ¼ 1 (i.e. the soil is normally consolidated or at the critical state).

Comparing the four equations of Mf (i.e. Eqs. (14), (16), (18) and
(20)) indicates that Eqs. (16) and (18) will be undefined when R is
equal to zero (i.e. OCR is infinite). In addition, it is noted that if
eitherMf based on the parabolic Hvorslev envelope (i.e. Eq. (18)) or
Mf based on the Hermite-Hvorslev envelope (i.e. Eq. (14)) is adop-
ted, the proposed UH model will not introduce any additional pa-
rameters compared with the modified Cam-Clay model, but can be
used for normally consolidated and overconsolidated soils. How-
ever, as stated before, only the combination of the Hermite-
Hvorslev envelope and the Mohr-Coulomb envelope can meet the
physical, geometrical and numerical requirements of a strength
envelope for normally consolidated and overconsolidated soils.
Therefore, the Hermite-Hvorslev envelope is preferably employed
to estimate the potential peak stress ratio in the UH model.
e
on

Flexibility Additional
parameter

Smoothed
transition

Geometrical
requirement

O � � �
� O � �
O � � �
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Fig. 6. Stressestrain relationships predicted by the UH models with four different Hvorslev envelopes for various OCRs.

Table 3
Parameters for the UH models with different Hvorslev envelopes.

UH model M l k n Mh

UH model with a straight Hvorslev envelope
(i.e. original UH model)

1 0.1 0.01 0.3 0.8

UH model with a parabolic Hvorslev envelope 1 0.1 0.01 0.3 N/N
UH model with a piecewise Hvorslev envelope 1 0.1 0.01 0.3 0.8
UH model with the Hermite-Hvorslev envelope

(i.e. revised UH model)
1 0.1 0.01 0.3 N/N

Note: Not denotes ’not necessary’.
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6. Comparison of UH models with different Hvorslev
envelopes

Four different equations (i.e. Eqs. (14), (16), (18) and (20)) for the
potential peak stress ratio (Mf) are embedded in the UHmodel, and
the predictions are presented in Fig. 6. The model parameters for
the hypothetical soil are listed in Table 3. For clays, Mh is usually
0.5Me0.9M (Mita et al., 2004), and this range is used to estimateMh

(Mh is assumed as 0.8M here).
The hypothetical soil is first isotropically sampled under a pre-

consolidation pressure of 400 kPa and then unloaded to 400 kPa,
100 kPa, 20 kPa, 10 kPa and 1 kPa to produce different OCRs of
specimens (OCR ¼ 1, 4, 20, 40 and 400, respectively). The
hypothetical specimens are triaxially compressed in undrained
conditions. Four UH models are employed to simulate the re-
sponses of the five soil specimens mentioned above. Fig. 6a shows
the stressestrain curves predicted by the UH model with a straight
Hvorslev envelope (i.e. original UH model). Fig. 6b shows the
stressestrain curves predicted by the UH model with a parabolic
Hvorslev envelope. The stressestrain curves predicted by the UH
model with a piecewise Hvorslev envelope and a Hermite-Hvorslev
envelope (i.e. revised UH model) are presented in Fig. 6c and d,
respectively.

The comparison shown in Fig. 6 indicates that:

(1) The UH models with four different Hvorslev envelopes can
predict the peak strength and post-peak softening, at least
qualitatively, caused by overconsolidation.

(2) The UH models with four different Hvorslev envelopes pro-
duce similar stressestrain curves when the OCR is relatively
small.

(3) When the OCR is very high (e.g. OCR ¼ 400), the UH model
with the straight Hvorslev envelope will overestimate the
peak strength (i.e. predicted stress ratio may go beyond
three), and the UHmodelwith a piecewise Hvorslev envelope
will predict a peak strength plateau followed by softening.
Compared with the UH model with a parabolic Hvorslev en-
velope, the UHmodel with a Hermite-Hvorslev envelope will



Fig. 7. Stressestrain relationships and pore water pressure change predicted by the UH models with four different Hvorslev envelopes for a very high OCR value.
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predict a higher stress ratio (i.e. stiffer stressestrain curve),
which will lead to better agreement with the test results. As
remarked in Yao et al. (2012), “the UH model (with parabolic
Hvorslev envelope) tends to give softer responses than the
measured ones”, and “to achieve more accurate predictions,
plausible improvement can be made by modifying the UH
parameter to obtain a stiffer soil response at high OCR values”.

(4) Compared with the UH model with a parabolic Hvorslev
envelope, the stressestrain curves predicted by the UH
model with a Hermite-Hvorslev envelope exhibit better
convergence when the deviatoric strain (εd) goes beyond 0.1.

Given that the differences among UH models with different
Hvorslev envelopes aremore distinct at a highOCR value, the stresse
strain curves (see Fig. 7a) and pore water pressures (see Fig. 7b)
predicted by the four UH models are compared with each other
when the OCR value is 400. The UHmodel with a Hermite-Hvorslev
envelope predicts a larger negative pore water pressure than the UH
models with the other three Hvorslev envelopes in undrained con-
ditions. In other words, in drained conditions, the UH model with a
Hermite-Hvorslev envelopewill predictmore distinct shear-induced
dilatancy, which leads to a better simulation of the measured results
(see the following section). In addition, the evolution of the potential
peak stress ratio (Mf) along with the increase in the deviatoric strain
(εd) is shown in Fig. 7c. The relationship between the potential peak
stress ratio (Mf) and the stress ratio (h) during shearing is presented
in Fig. 7d. Except the UHmodel with a straight Hvorslev envelope, in
which the potential peak stress ratio may reach an extremely high
value at the beginning of the shearing, the UHmodel with the other
Hvorslev envelopes (i.e. parabolic, piecewise and Hermite) can limit
the stress ratio between three and the critical state stress ratio (M).
The evolution curves (see Fig. 7c and d) of the potential peak stress
ratio governed by the Hermite-Hvorslev envelope are between the
Mf curve controlled by the piecewise Hvorslev envelope and that by
the parabolic Hvorslev envelope.
7. Experimental validations

The performances of the UH model revised by the smoothed
Hvorslev envelope (i.e. Hermite-Hvorslev envelope) are evaluated
by the experimental results published in the literature. Drained and
undrained data are included in the experimental validations here.
7.1. Drained triaxial tests on Fujinomori clay

Nakai and Hinokio (2004) conducted a series of drained triaxial
compression tests with constant mean stresses (p is constant) on



Fig. 8. Measured and predicted stressestrain relationships and volume change for Fujinomori clay with different OCRs in drained conditions (data after Nakai and Hinokio, 2004).
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four Fujinomori clay specimens with different OCR values (1, 2, 4
and 8). Four soil specimens were first isotropically preconsolidated
to 196 kPa, 392 kPa, 784 kPa and 784 kPa, and then the mean
stresses for them were reduced to 196 kPa, 196 kPa, 196 kPa and
98 kPa, respectively, to generate different OCR values (1, 2, 4 and 8).
After specimen preparation, these four specimens were triaxially
sheared to the peak with constant initial mean stresses (i.e. 196 kPa
for OCR ¼ 1, 2 and 4, and 98 kPa for OCR ¼ 8). The test results
(stressestrain relationships as well as the volumetric strain de-
velopments during shearing) are replotted in Fig. 8. Because the UH
model with a Hermite-Hvorslev envelope does not require any
additional material parameters, the model predictions are fully
based on the calibrated material parameters presented by Nakai
and Hinokio (2004). The material parameters for Fujinomori clay
are listed in Table 4, and the model predictions are plotted in Fig. 8
(see prediction curves). According to the comparison, the model
predicts the peak strength, post-peak softening and shear-induced
dilation of four different clay specimens reasonably well. However,
compared with the experimental results, the model prediction
shows a softer stressestrain relationship when the deviatoric strain
is relatively low, but indicates a higher peak strength. In terms of
the volume change, the model prediction underestimates the
shear-dilation, especially when the soil specimen is highly
overconsolidated.
Table 4
Material parameters for Fujinomori and kaolin clays.

Clay l/(1 þ e0) k/(1 þ e0) M n

Fujinomori clay (after Nakai and Hinokio,
2004)

0.0508 0.0112 1.36 0.1

Kaolin clay (Dafalias and Herrmann, 1986) 0.0718 0.0256 1.04 0.3
7.2. Undrained triaxial tests on kaolin clay

The performances of the UH model revised by a Hermite-
Hvorslev envelope are further evaluated against the experimental
results in the undrained conditions. Banerjee and Stipho (1978,
1979) reported a series of undrained triaxial compression tests on
normally consolidated and overconsolidated kaolin clays (OCR ¼ 1,
1.2, 5, 8 and 12). These experimental data were employed to vali-
date the boundary surface model, and the material parameters
(listed in Table 4) were calibrated by Dafalias and Herrmann (1986).
Fig. 9 shows the measured and predicted effective stress paths in
the plane of the normalized deviatoric stress ðq=px0Þ and the
normalized effective mean stress ðp=px0Þ:The comparisons of the
measured and predicted relationships between the pore water
pressure (u) and the axial strain (ε1) are illustrated in Fig.10, and the
comparisons of the measured and predicted relationships between
the normalized deviatoric stress ðq=px0Þand axial strain (ε1) are
illustrated in Fig. 11. The preconsolidation pressures and OCRs for
the specimens are indicated in each figure. The comparisons shown
in Fig. 9 indicate that the predicted effective stress paths over-
estimate the measured stiffness for normally and lightly over-
consolidated soil specimens (i.e. OCR ¼ 1 and 1.2). For heavily
overconsolidated soil specimens, such as OCR ¼ 12, the predicted
effective stress paths underestimate the measured stiffness. How-
ever, the prediction curves shown in Fig. 9 match the experimental
results reasonably well. Except for the relationship between the
normalized deviatoric stress and the axial strain for normally and
lightly overconsolidated soil specimens (i.e.OCR¼ 1 and 1.2) shown
in Fig. 11, the comparisons between the test data and the prediction
curves show that the model predictions agree well with the
experimental results. The UH model with a parabolic Hvorslev
envelope was also employed to predict these experimental results



Fig. 9. Measured and predicted effective stress paths for kaolin clay with different OCRs in undrained conditions (data after Banerjee and Stipho, 1978, 1979).

Fig. 10. Measured and predicted pore water pressure changes for kaolin clay with different OCRs in undrained conditions (data after Banerjee and Stipho, 1978, 1979).
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Fig. 11. Measured and predicted stressestrain relationships for kaolin clay with different OCRs in undrained conditions (data after Banerjee and Stipho, 1978, 1979).
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(see Fig. 6a, b and d in Yao et al., 2012). Compared with the UH
model with a parabolic Hvorslev envelope, the UH model with a
Hermite-Hvorslev envelope predicts a higher strength and a larger
negative pore water pressure, which makes the predictions closer
to the experimental results.
8. Conclusions

A novel and simple equation for the Hvorslev envelope is pro-
posed by the Hermite interpolation method, which is referred to as
theHermite-Hvorslev envelope in this paper. The proposedHermite-
Hvorslev envelope ensures a smoothed transition between the
Hvorslev envelope and the zero-tension line as well as a smoothed
transition between the Hvorslev envelope and the Mohr-Coulomb
envelope. The Hermite-Hvorslev envelope is then integrated into
the UHmodel to specify the potential peak stress ratio (Mf), which is
of pivotal importance in the UHmodel. The UHmodel revised by the
Hermite-Hvorslev envelope, which requires no additional material
parameters compared to the modified Cam-Clay model, is employed
to predict the overconsolidated soil behavior in the drained and
undrained conditions. The performances of the UHmodel revised by
the Hermite-Hvorslev envelope are validated by the comparisons
between the measured and predicted soil responses.
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