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The invisibility of fracture network evolution in the rock under triaxial compression seriously restricts
the correlation modeling between dilatancy behavior and fracture interconnectivity. The key to solving
such a challenge is strongly dependent on the accurate modeling of the spatial correlation in fracture
network, which could be indirectly re-constructed by the acoustic emission (AE) signal cloud. Consid-
ering the interaction of local fractures, a cube cluster approach is established to describe the spatial
correlation. The evolutional cube clusters effectively present the geometric characteristics induced by the
increasing dilatancy of fracture. Two descriptors (i.e. three-axis length sum and pore fraction) are
introduced to correlate cluster model with dilatancy behavior. Most fitting results support the linear
correlation between two descriptors and volumetric strain, which verifies the sensitiveness of the cube
cluster model to dilatancy. More importantly, by the statistical analysis of cluster structure, the cluster
model shows the potential of calculating fracture angle. Moreover, a comparison between dilatancy-
based damage and porosity-based damage is made not to prove the best but provide an AE-based
prediction of local damage evolution. Finally, four classical models for calculating fracture angle are
compared. The deviations prove the huge difficulty of describing the development of the fracture
network uniquely dependent on a fracture angle. The proximity of measured angle and cluster-based
angle supports the effectiveness of predication by the cube cluster approach.
© 2021 Institute of Rock and Soil Mechanics, Chinese Academy of Sciences. Production and hosting by
Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).
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1. Introduction ways is to describe the spatial correlation (Li et al., 2010). In the AE

signal cloud, the spatial correlation is the basis to investigate the

The real-time monitoring technology of acoustic emission (AE)
(Grosse and Ohtsu, 2008; Cheon et al., 2011; Gholizadeh et al.,
2015) has been widely used to investigate the damage evolution
(Baud et al., 2004) or fracture connection (Lei et al., 2000; Biancolini
et al., 2006) in various rocks. However, the three-dimensional (3D)
spatial distribution of AE events shows strong randomness and
complexity in describing the evolution of rock failure (Shah and
Labuz, 1995). Commonly, the scatter plot is used to qualitatively
illustrate the 3D distribution (Hirata et al., 1987; Baud et al., 2004).
Additionally, a quantitative analysis is still urgently needed (Hsu
et al., 1977; Grosse et al., 1997) and one of the most important
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interaction of fracture connection (Biancolini et al., 2006), propa-
gation (Lysak, 1996), and dilatancy (Alkan et al., 2007). Indeed, the
statistical description of spatial distribution and the accurate
modeling of the spatial correlation of randomly distributed AE
signals have equal importance in quantitatively analyzing the
fracturing process. In the brittle failure, some abrupt phenomena or
behaviors, i.e. surge of AE events (Mansurov, 1994) or occurrence of
stress drop (Kurz et al., 2006; Lockner et al., 1992), will occur, which
are mainly induced by the connection completion of fracture
network separating the entire sample into several blocks. Although
the brittle failure presents the instantaneity, the initialization,
locally clustering and full connection of fracture network sequen-
tially occur corresponding to the transition of local-to-whole
connection. To analyze such spatial correlation of AE signal cloud
may promote the investigation of the mechanism of rapidly pro-
gressive failure.

1674-7755 © 2021 Institute of Rock and Soil Mechanics, Chinese Academy of Sciences. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-

NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:xuedongjie@163.com
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jrmge.2021.06.002&domain=pdf
www.sciencedirect.com/science/journal/16747755
http://www.jrmge.cn
https://doi.org/10.1016/j.jrmge.2021.06.002
https://doi.org/10.1016/j.jrmge.2021.06.002
https://doi.org/10.1016/j.jrmge.2021.06.002
http://creativecommons.org/licenses/by-nc-nd/4.0/

1060 D. Xue et al. / Journal of Rock Mechanics and Geotechnical Engineering 13 (2021) 1059—1077

Earlier, Vere-Jones (1977) noticed the critical transition of the
failure process and proposed a concept of AE-based critical pa-
rameters as a precursor of predicting the brittle failure, which
needs a subtle description of short-range correlation of fracture
network. Due to the strong correlation between critical behavior
and completeness of fracture connection, two key parameters, i.e.
growing correlation length and increasing sensitivity, were sug-
gested (Jaumé and Sykes, 1999). However, such analysis did not
strictly distinguish the difference between spatial distribution and
correlation. Due to the invisibility of the connecting process of a
fracture network in rock, establishment of spatial correlation of AE
signal may provide a direct observation. Then, Frohlich and Davis
(1990) and Davis and Frohlich (1991) proposed the single-link
cluster (SLC) to investigate the spatial correlation. Based on the
SLC, Zoller et al. (2001) and Tyupkin and Di Giovambattista (2005)
made a deep analysis of the earthquakes. Also, Li et al. (2010)
coupled the SLC with the AE monitoring technology on a labora-
tory scale. Recently, Zhang et al. (2017) made a fractal analysis of
spatial AE events based on SLC model. Scientifically, the SLC seems
to be a long-range correlation model dependent on the point-to-
point link of AE events.

In the theoretical view, the critical description of catastrophic
behaviors could be effectively illustrated by the percolation model
of fracture network (Chelidze and Kolesnikov, 1984; Renshaw et al.,
2017; Ren et al., 2017). In the brittle failure, the fast fracture
connection often refers to the extreme growth of correlation
length. Many remarkable contributions have been made to illus-
trate such critical behavior before failure by the percolation model.
Guarino et al. (1998) defined a normalized pressure to investigate
the localization of AE events by percolation modeling of cumulated
energy. Alkan (2009) and Xue et al. (2018) separately made the
normalized stress- and strain-based percolation models to inves-
tigate the dilatancy-induced connection of the fracture network.
Then, Sakhaee-Pour and Agrawal (2018) integrated AE data into the
percolation model. Recently, Xue et al. (20204, b, 2021) established
an AE-based cluster damage model. Unlike the SLC model, a
percolation model can provide a solution to describe the short-
range correlation.

Although there is a significant development of SLC for inter-
preting the large-scale failure, there are still great challenges to
investigate the short-range correlation on a local scale. The main
reason is that the post-generation of fracture is seriously depen-
dent on pre-ones, indicating the effect of local dependence. Such
dependence on a local scale could not be accurately described by a
completely random model. Aiming at solving such challenges, our
work intends to introduce a cube cluster approach to analyze the
dilatancy-induced fracture connection, while it will not undertake
an exhaustive comparison of the SLC method.

2. Materials and methods
2.1. Sample preparation and AE signal collection

Generally, generation of AE in the hard rock is much easier to be
measured than that in the soft rock. The granite as a hard rock is an
ideal medium to collect AE signals during rock failure. Here, the
rock cores were sampled from a deep granite stratum and then
processed into standard cylinders with the same diameter of
50 mm and height of 100 mm. Three cases with confining pressures
of 5 MPa, 20 MPa and 30 MPa are considered for the conventional
triaxial compression tests. After the designed value of the confining
pressure is approached, the axial force is applied until granite
failure. To obtain the complete stress-strain curve, the control
mode is changed from the stress-to strain-feedback when
approaching the peak stress, which is easily realized by the MTS

815 rock testing system. Besides, eight AE sensors are fixed outside
the steel chamber to monitor AE events. The sensor frequency is
150 kHz, and the sampling frequency is 40 MHz. Moreover, the
threshold of sound intensity is set as 45 dB and all AE signals above
the threshold will be recorded by the PCI-2 AE system (Fig. 1a).

2.2. A cube cluster approach

If the AE sensors could perfectly capture each signal, the location
cloud could comprehensively represent the 3D fracture network.
The outside shape of the cloud could be similar to the macro-
geometry of the fracture network. However, its inner connection,
especially in a local region, could not be subtly observed. Indeed,
there is a huge problem of over-dependence on spatial distribution
but ignoring the performance of spatial correlation. The topological
connection inside the AE signal cloud is a crucial factor for the
investigation of the mutual influence. An ideal solution is to build a
proper model of spatial correlation and its representativeness relies
on an appropriate scale to measure the connectivity of the fracture
network. It indicates that there will be a critical transition of short-
to-long connections and seeking a critical scale to investigate
connectivity is extremely important (Fig. 1b).

Determination of criticality seriously depends on the connecting
level of the fracture network. Considering the broken effect of the
complete sample into pieces, the failure is intrinsically a progres-
sive connection of fracture network, i.e. a local-to-whole connec-
tion. After the peak stress, the fracture network across the whole
sample scale instantaneously forms and it will immediately split
the entire sample. Based on this phenomenon, the peak state can be
taken as a critical transition of increment-to-decrement of devia-
toric stress, which corresponds to the transformation from local to
the whole connection of fracture network. Thus, there is a necessity
of determining the critical scale, on which there is a one-to-one
map of the transition between the local-to-whole connection of
fracture network in topology and change of increment-to-
decrement of deviatoric stress at peak stress.

Considering the local interaction, the 3D cube is introduced as a
measuring tool to investigate the spatial correlation. Unlike the
point-by-point connection by links, the cube is used to cover a local
range of AE signals and all internal signals together influence the
cube damage. Various cubes will generate and they may be con-
nected by the surface, line or point. Here, the surface-to-surface
contact is mainly considered to establish the cube cluster.

The first challenge is the quantitative evaluation of the critical
connectivity of the fracture network at peak stress (Fig. 2a). Due to
the difficulty of calculating the connectivity, a replaceable variable
is needed. To cover the same AE signal cloud, cubes with different
sizes may be adopted to form the one-to-one mapping-based
cluster volume. If considering the complete damage of cube cluster,
all cubes will be void and the cube size will uniquely match a pore
fraction ¢, which is defined as the volume ratio of cube cluster to
the cylinder by (Jarvis et al., 2017):

no>
¢ = mr2h ()
where n and 6 are the cube number and length, respectively; and r
and h are the cylinder radius and height, respectively.

The second challenge is the accurate recognition of the
connection completeness of the fracture network (Fig. 2b). If the
cube size is very large, only a few of cube clusters cover all AE
signals and they must be interconnected. On the contrary, too small
cubes will never link with others at all. Accordingly, the first task is
to identify the cube contact of surface-to-surface. Then, various
cube clusters will be formed and the largest cluster (LC) will
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Fig. 1. Schematic illustration of (a) two descriptive methods based on spatial distribution and correlation of AE signal cloud and (b) the original thinking of spatial correlation model.

dominate the clustering behavior progressively. Thus, the second
task is the accurate determination of LC in all cube clusters (AC).
Only one cube size corresponds to the critical transition of local-to-
whole connection. Therefore, the third task is the judgment of LC
approaching the outside boundary of the granite cylinder.

As a classical algorithm for analyzing clustering behavior, the HK
algorithm (Hoshen and Kopelman, 1976) is introduced to recognize
various cube clusters. By a series of operation including the cube
establishment, cube marking, cube union and cluster labeling, the
first two tasks of contact recognition and the LC searching could be
determined precisely. After the LC determination, the length and
width of the LC in the radial direction could be easily determined.

The third challenge is the accurate determination of the criti-
cality of the local-to-whole connection (Fig. 2c). The criticality
corresponds to the critical cube with critical length. If the cube size
is less than the critical value, the critical connection will be delayed.
On the contrary, it will prematurely occur not at the present peak
stress. Hence, the critical cube length is unique. Given any two limit
states of a very large cube and a very small cube, both limit con-
nectivity can be determined. Then by the dichotomy of cube length,
the criticality could be uniquely determined. After using the critical
cube to cover all AE signals, the corresponding cube cluster is
established and termed the AE percolation cluster (APC) due to the
originality of covering strategy from the percolation model
(Stauffer and Aharony, 2014). Unlike the traditional modeling of
spatial correlation by point-to-point link (Frohlich and Davis, 1990;
Davis and Frohlich, 1991), the APC focuses on the local range of
spatial correlation. Hence, the advantage of the APC model is the

introduction of the volumetric factor into the spatial correlation
description.

Fig. 3 shows the convergence process of determining the critical
pore fraction by the dichotomy of cube length. Many intermediate
states are needed to narrow the searching range. To make a clear
presentation, the abscissa values are marked by the log calculation
of cube length divided by sample diameter. Two fractions of LC and
AC at various cube scales are calculated and compared. The differ-
ence between the two evolutional curves is very little, which shows
the rationality of LC instead of AC being consistent with the classical
view of the percolation model (Stauffer and Aharony, 2014). Three
critical cube lengths under confining pressures of 5 MPa, 20 MPa
and 30 MPa are calculated as 2 mm, 2.54 mm and 2.3 mm,
respectively. On the curves, six states are selected to help under-
stand the convergence process. With the enlarging cube cluster,
there is a decreasing trend of cube number but with a growing pore
fraction. Thus the influence of cube number on the cluster volume
is weakening compared with that of the cube size. Besides, three
LCs are entirely different in geometry structure. However, the ge-
ometry of LC and AC tends to be similar.

2.3. Decomposition of cube cluster

Description of the complex structure of the 3D fracture network
is full of challenges. The complexities in cluster geometry and to-
pology both exist. It should be noted that the cube cluster is
intrinsically an AE-based characterization of the fracture network.
Indeed, the structure of the cube cluster is better than the fracture
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network in the hierarchy. Hence, a layer-by-layer observation could
be made for the composition of a complex cluster. To comprehen-
sively observe the 3D cube cluster, an isometric view could be made
in three orthogonal directions (X, Yand Z) in Fig. 4a. Three groups of
orthogonal layer clusters form the same 3D cube cluster.

However, accurate description of the two-dimensional (2D)
layer cluster is still difficult. To solve such a problem, the 2D model
needs to be simplified. In Fig. 4b, an equivalent ellipsoid is proposed
to describe the orthogonal anisotropy by its three-axis lengths, i.e.
major, intermediate and minor lengths labeled byae, be and ce,
respectively.

There is an equivalent volume of layer-cluster with its corre-
spondent ellipsoid. By accumulating all cubes, the total volume
could be easily calculated by the product of cube number and cube
volume. The minor length c. is regarded as the critical cube length
0. To determine the major length ae, its direction is assumed to be
consistent with the two farthest covering cubes. It is coincident
with the fracture propagation because there is a high probability of
AE signals generated at the fracture front. Thus the major length ae
is defined as

ae = max(dq,ds, -+, dp) (2)

where d is the distance between any two cubes.
The intermediate length be correlated to dilatancy is calculated
by

~ 3né°
" 4Taece

e (3)

Each layer cluster has a unique centroid cube. In a fixed direc-
tion, a series of centroids connects each other, forming the curved
axis. Hence, the major, intermediate and minor lengths are used to
describe 2D layer-cluster and three orthogonal curved axes are
adopted to describe 3D cube cluster. Correspondingly, three co-
ordinates of x¢, yc and z. are defined as

Xe= Y Xi/n, ye = > yi/n, ze =Y z/n (4)

i=1 i=1 i=1

where x, y and z are the covering cube’s coordinates.

3. Results
3.1. Evolution of cube cluster

After the test, three groups of complete stress-strain curves
under three confining pressures of 5 MPa, 20 MPa and 30 MPa are
obtained in Fig. 5. By collecting the AE data, the total number of AE
events is also determined. In a burst signal waveform, when its
envelope is detected and the waveform exceeds the preset
threshold voltage for a certain period of time, a rectangular pulse is
formed, which is called an event. The total number of events in an
AE process is the sum of all these events. There is nearly no clear
ductile deformation even under a high confining pressure of
30 MPa. Hence, the brittleness of granite is very clear, but it mainly
shows an unstable mode II failure (Wawersik, 1968), which in-
dicates that in the post-failure, the axial strain rebounds. Such
reason is extremely complex, and at present, there is no common
consensus yet. Besides, the stress drops are dramatically obvious,
which are mainly induced by the completeness of fracture
connection. Compared with the volumetric strain curve, the initial
nonlinearity of the axial stress-strain curve before peak stress
corresponds to the onset of dilatancy. Unlike the smooth transition
of nonlinearity for three stress-strain curves, the correlation be-
tween accumulating AE events and axial strain is completely
different. The most significant feature is the sharp increment of
accumulating AE events.

At the linearly elastic stage, few AE signals are monitored and
captured, which shows that the fracture propagation may cease or
develop on a very small scale. Such subtle fractures cause very weak
AE signals, which could not be effectively monitored. However,
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Fig. 5. Three complete stress-strain curves under confining pressure of (a) 5 MPa, (b) 20 MPa and (c) 30 MPa with the geometric evolution of largest cluster (LC) and all clusters (AC).
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once the dilatancy occurs, the number of AE events increases
significantly. On the macro-level, this phenomenon is induced by
the increasing dilatancy. Conversely, on the small-scale, the causing
factors of this phenomenon include fracture propagation and
dilatancy referring to its openness. After peak stress, the number of
AE events drops greatly. Hence, the main interval of fast-increasing
AE events is from the onset of dilatancy to the peak stress.

Correspondingly, the correlation of axial, hoop and volumetric
strains and their increments with the increasing confining pressure
are also obtained in Fig. 6. Two states at the onset of dilatancy and
peak stress are especially focused on. There is a positive correlation
of axial, hoop and volumetric strains with the confining pressure.
However, referring to the strain increment, the linear relation fails
in describing the hoop and volumetric strains except for the axial
strain. It is deduced from two very small square roots indicating
improper fitting. To some extent, such deviation is influenced by
the unpredictability of the random distribution of the fracture
network. In other words, the linearity is appropriate to investigate
the triaxial behaviors of various samples under different confining
pressures. However, the huge deviation shows that for a detailed
sample with a fixed confining pressure, the evolution of triaxial
behaviors needs to be assessed in another way. The nonlinearity is
strongly correlated to plasticity, but the limited growth of plasticity
also promotes the difficulty to establish a proper model. Adopting
the AE signals to reveal the evolution of the fracture network may
be an effective choice. The AE curves present a common charac-
teristic of jumping accumulation, which satisfies the definition of
critical transition in the percolation model (Sahimi, 1993). Thus the
cube cluster modeling considering the criticality is greatly helpful
to reveal such transition behavior.

To illustrate the rapid evolution, six states on AE curves are
selected to model the cube clusters based on the distributed AE
signals. At the critical cube scale, three groups of cube clusters are

@ 550
5 MPa
At peak
2 200 - -
e D (f+1, +1,.)=-445.6,+3102
£ 150 1
<
5o
=
vi—"’ 100
=
<
50 1 " At onset
Increasing dilatancy L]
0+ ‘
0.2 0.4 0.6 0.8

Volumetric strain (%)

D. Xue et al. / Journal of Rock Mechanics and Geotechnical Engineering 13 (2021) 1059—1077

modeled and visualized in Fig. 5. There is an obvious growth in
cluster volume and cube number. Meanwhile, at six states, the
geometric difference exists between LC and AC, but which is
weakening with the enlarging cluster. Such evolution of subtleties
in cluster shape and volume is helpful to investigate the failure
process. However, a more quantitative description needs to be
made.

3.2. Relationship between dilatancy and cube cluster

Naturally, the sample dilatancy is influenced by external
deviatoric stress. The direct carrier of dilatancy is the inner fracture
network. Such intrinsic correlation provides a possibility of estab-
lishing a relationship between AE-based cube cluster and dilating
deformation. According to Eq. (4), each centroid of layer cluster is
uniquely determined, and by connection, three orthogonal axes are
obtained in Figs. 7—9. All the axes are curved and some of them
seriously deviate from the central line. The curvature indicates the
variability of distributed centroids of layer clusters, which reflects
the asymmetry of the geometric shape of the cube cluster.

Besides, the extension of curved axes at two ends is also obvious,
suggesting the continuous growth of the cube cluster. The curva-
ture, deviation and extension of curved axes may all influence the
dilatancy. Here, the curvature is not estimated but the attention is
mainly focused on the location deviation and axis length extension.
Considering the evolution of three groups of curved axes along X-,
Y- and Z-direction, there are two basic classifications including
overlapped axes (Fig. 7c and d, 8c, d and 9¢) and non-overlapped
axes (Figs. 7b, 8b and 9b, d). The overlap means that the post-
generation of axes seriously depends on the pre-ones, which
mainly corresponds to the propagation of original fractures. On the
contrary, the non-overlap indicates the dominance of new frac-
tures, which will cause a huge deviation in location. Under small
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Fig. 10. Relationship between axis length sum and volumetric strain under confining pressures of (a) 5 MPa, (b) 20 MPa, and (c) 30 MPa.
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confining pressure of 5 MPa, three groups of axes are all non-
overlapped, but under a high confining pressure of 20 MPa and
30 MPa, most axes are overlapped. It indicates the obvious
constraint effect of high confining pressure on new fracture
generation.

Moreover, the dramatic increment of the three-axis length
shows the growing cube cluster in three directions. Fig. 10 shows a
negatively linear correlation between the axis length sum and
volumetric strain. The onset of dilatancy corresponds to a
maximum positive volumetric strain. Then, the compressive
deformation rebounds. Hence, there is a positive relationship of
enhancing dilatancy with the increasing axis length sum.

Similar to the definition of 3D pore fraction in Eq. (1), the 2D
layer cluster-based pore fraction could also be calculated. Fig. 11
shows the evolution of 2D pore fraction distribution along the Z-
axis for three samples. In certain states, the distribution curve
shows imperfect symmetry with a large pore fraction at the central
position. Besides, there is an obvious increment of pore fraction
from initial to peak state corresponding to points 1 and 6 marked
on the AE curves in Fig. 5. Considering the maximum pore fraction,
there is a transition of nonlinear to linear dependence on volu-
metric strain from confining pressure of 5 MPa to 20 MPa and
30 MPa.

To summarize, both two descriptors of axis length sum and pore
fraction show a strong dependence on the volumetric strain. Most
descriptions support the linear correlation, and with the increasing
dilatancy, two descriptors increase dramatically. Such strong
dependence effectively proves a close correlation between the AE-
based cube cluster and the dilatancy behavior.

3.3. Relationship between fracture angle and cube cluster

The prediction of fracture angle is always a challenge due to the
ineffective assumption of the plane surface instead of the real

arched fracture. Generally, the fracture angle is measured after
triaxial compression and taken as a constant. However, fracture
generation is an evolutional process, which indicates a changing
fracture angle needed to be evaluated. The AE monitoring tech-
nology as a real-time tool to indirectly and effectively observe the
evolutional fractures provides feasibility to predict the fracture
angle evolution. To our knowledge, few efforts have been effec-
tively made for such estimation based on the AE signal cloud. One
of the most important reasons is the lacking analysis of spatial
correlation, which can properly reveal the dependence of post-
generation on pre-ones.

In the equivalent model of the ellipsoid, the propagation and
dilatancy of the layer cluster are described by the major and in-
termediate axes, respectively. The major axis is potentially consis-
tent with the fracture direction and all major axes can statistically
demonstrate an average of fracture angles. Based on the above
hypothesis, each layer cluster will have its fracture direction, and in
the isometric view, three fracture angles could be calculated.

Taking the cylinder sample into a geological scale, the fracture
angle will become the dip angle in the side view along the X- and Y-
axis and the strike in the top view along Z-axis (Fig. 12). Further, the
fracture directions of all layer clusters are calculated and plotted
together in the rose diagram (Fig. 13). In the side view, there is a
dominant direction especially under the high confining pressure of
20 MPa and 30 MPa, while in the top view, two crossed directions
exist, indicating the conjugate effect under deviatoric stress
(Barton, 1976; Klein et al., 2001).

There is a common correlation of fracture angle § dependent on
the internal friction angle ¢, i.e. § = 45° + ¢/2. Hence, the fracture
angle larger than 45° indicates a proper range of 45°—90° for the
statistics. Averagely, three groups of dip angles under confining
pressure of 5 MPa, 20 MPa and 30 MPa are calculated as 72.8° and
75.1°, 75.9° and 77.2°, 74.3° and 78.8°, respectively (Fig. 14a). The
differences between the two conjugated fracture angles are
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calculated as 2.3°, 1.3° and 4.5°, respectively. The small differences
indicate the symmetry of two shear fractures. Correspondingly, in
top view, two-strike angles (Kwan, 2004 )are determined as 45.4°
and 123.5°, 42° and 131.8°, 48.8° and 136.6°, respectively for three
samples (Fig. 14b). Also, three fracture angle differences are calcu-
lated as 78.1°, 89.8° and 87.8°, respectively, which are close to 90°
verifying the shear conjugate effect. Such a result proves the
effectiveness of the AE-based cube cluster model to predict the
fracture angle.

The evolution of fracture angle corresponds to the continuous
propagation of the fracture network. Considering such dependence,
the increment of volumetric strain is adopted to describe the cor-
relation. Fig. 15 shows a properly linear relationship between two
dip angles of conjugated fracture surfaces and enhanced increment
of volumetric strain. The linearity may provide a possibility of
predicting the statistical fracture angle by volumetric strain
increment.

4. Discussions
4.1. Application of cube cluster to damage definition
The damage is conventionally defined based on a representative

volume element (RVE). To evaluate the evolution of multi-scale
damage, a lower-scale RVE is needed. However, there is no
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standard for the size determination of sub-scale RVE. Therefore,
there is a general consideration of the average meaning of some
descriptors, i.e. the unit area or volume loss of continuous matrix
caused by the fracture generation. Such consideration is mainly
based on the statistical average which means the sub-scale RVE can
be regarded as a very small volume, even reduced to an ideal point.
However, considering a physical rock, there is a strong necessity of
determining the RVE size. Indeed, lack of the standard for the sub-
scale RVE size determination seriously limits the investigation into
the correlation of multi-scale RVEs. Here, the critical cube with
uniqueness on strictly calculating cube length provides a choice to
determine the proper sub-scale RVE.

The cross-sectional area A in Fig. 16 includes two parts of the
solid area Ay and void area Ap:

A=Anm +Ap (5)

Both the mineral matrix and void will dilate simultaneously
when the damage occurs. Correspondingly, the initial areas A;,, and
Ajp will increase to Arm and Arp, where the subscripts i and r
represent the initial and arbitrary states, respectively. In essence,
the enlarging dilatancy is mainly caused by the increasing 2D void
area, which is influenced by the expansion and connection of
fracture networks. It means that the spherical stress-induced
dilatancy is often ignored for the mineral matrix, thus the area
Arm is considered to be equal to A;;,,. On the contrary, the deviatoric
stress dominates the main increment of the void area from Aj;, to
Arp. Therefore, the new generation of the area App plays a key role in
developing damage to the mineral matrix. Considering the deteri-
oration of effective area Ap,, the damage D is defined by (Huang
et al.,, 2002):

,Anp 7@

D = =
Arm Aim

(6)

At the initial state, there is no increment of void area Ay, thus
the damage is 0. However, most failures are caused by a complete
connection of some local fracture networks. It means the distri-
bution of local damages is non-uniform and the macro-damage of
the whole sample is always less than 1. Considering the damage-
correlated porosity ¢, a void ratio e is often used to investigate
the compactness with a definition of the void area A;, divided by

matrix area A;;, obeying

Ajp
e=_1P (7)
Aim
Combining Eqgs. (6) and (7), an arbitrary void ratio e; is re-
determined as

_ Aip +Anp

€
' Arm

=e+D (8)

Further, considering the relationship between void ratio eand
porosity ¢ (Eq. (9)), the porosity-based damage could be obtained
(Eq. (10)).

¢ e
6%~ T7e ©)

e =

¢r ¢i
D:erfei:l—qﬁrfl—qﬁi (10)

where ¢; and ¢, are the initial and arbitrary porosities, respectively.
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To describe the dilatancy-induced damage evolution, Shao et al.
(2006) proposed a damage driving force F. dependent on the
equivalent strain &g, defined by

tr:
:9——81

T,
' 3

5 (11)

F. = max (Fco, egq), €oq = e e
where e is the total strain tensor and I is the symmetric fourth-
order unit tensor.

Then the strain-based damage is defined as
D =1 —exp| — Bc(Fc — Fep)] (12)
where B controls the damage evolution rate and F.y defines the
initial damage threshold.

Here, the damage driving force is considered to be influenced by
the dilatancy. Taking the volumetric strain increment A¢y instead of
equivalent strain eg,, the damage in Eq. (12) will be re-defined as

D = 1 exp| - Be(Aey — Aego)] (13)

It is not an easy task to accurately determine the evolutional
damage of a sample under triaxial compression. The greatest
challenge is also an invisible fracture connection. Hence, the
volumetric strain could be used to macroscopically represent the
statistical damage, which is inappropriate to describe the local

damage evolution. Hence, the comparison between dilatancy-
based and porosity-based damages does not aim at determining
the best but providing an additional method to investigate the
damage evolution. Unlike the statistical observation of whole-scale
damage, the AE monitoring technology could be used to real-time
reveal more local damages.

Fig. 17 shows the comparison of damage evolution of the whole
sample between two methods. The evolution of dilatancy-based
damage shows a linear correlation with the increment of volu-
metric strain. On the contrary, the porosity-based damage non-
linearly increases with the volumetric strain increment. However,
at the onset of dilatancy and peak stress, the initial and final
damages tend to be consistent. Under confining pressure of 5 MPa,
the damage difference between the two methods is large (Fig. 17a),
but when the confining pressure reaches 20 MPa and 30 MPa
(Fig. 17c¢), it quickly reduces. The non-negligible deviation of evo-
lutional damage verifies the complexity of determining the failure
process. Besides, there is a linear dependence of final damage on
volumetric strain increment, which shows better sensitivity than
the confining pressure. Three final damages corresponding to the
confining pressures of 5 MPa, 50 MPa and 30 MPa are calculated as
0.12, 0.37 and 0.28, respectively. All are less than 0.4, which proves
the deduction of the whole scale damage of rock samples less than
1

Fig. 18 shows the evolution of damage distribution along the Z-
axis for three samples. Here, the layer damage refers to the porosity
definition in Eq. (10). The central part of the sample is more
damaged than the top and bottom. Besides, the increment of evo-
lutional damage could be revealed by the color difference. It is hard
to find a correlation of evolutional damage with the confining
pressure. Nevertheless, the cube cluster model is effective in
describing the whole scale damage as well as the local damage.

4.2. Verification of cube cluster to calculate fracture angle

The measurement of fracture angle faces many challenges such
as the bendability of curved fracture and the interlaced fracture
network. Due to its importance in rock engineering, it still makes
sense to find out more options on calculation. Under triaxial
compression, the fracture angle can be regarded as a dip angle
descriptor. Taking the curved fracture as a smooth plane, there are
many remarkable predictions of the fracture angle (e.g. Coulomb,
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1776; Mohr, 1882; Hoek, 1998; Hoek and Brown, 2019). Coulomb
(1776) earlier proposed a definition of

9 = 45° +2 (14)

2
Unless the internal friction angle ¢ varies, the estimation from
Coulomb (1776) only indicates a constant value. Indeed, the
calculation of the internal friction angle needs to be based on a
series of triaxial compression tests, which is inappropriate for a test
sample. After, Mohr (1882) noticed such a problem and suggested
an improved calculation by introducing the famous concept of

Mohr’s circle:

sin(26) = cose (15)

If the envelope is described by a line connecting a series of
Mohr's circle, Eq. (15) will be reduced as the same as Eq. (14).
However, according to Mohr’s suggestion of adopting a smooth
curve to build the envelope, the fracture angle will be dynamically
influenced by the tangent point from the adjacent Mohr circles.

Also, Hoek (1998) and Hoek and Brown (2019) proposed an
empirical formula for describing the failure criterion:

01 = 03 + \/M0oc03 + So2

where ¢; and o3 are the maximum and minimum principal
stresses, respectively; m indicates the rock softness with a sug-
gested range of 0.001—25; s illustrates a broken level in a range of
0—1; and o is the uniaxial compressive strength of the intact
sample.

Taking the derivation on both sides of Eq. (16) by a3, the enve-
lope slope kyp is determined as

(16)

dO']

mo
kHB = d_0'3 =1+ < (17)

4tm

where 1y, is the shear stress, and 1 = (07 — 03)/2.
Similarly, there is also a slope kyc of Mohr-Coulomb’s line in
g1-03 coordinates by

_ 1 +sing

ke = 1 —sing (18)

Both slopes of kyg and kyc are dependent on the same param-
eter of internal friction angle. Considering the slope consistency
and combining Egs. (17) and (18), the fracture angle dependent on
the Hoek-Brown failure criterion is

kHB -

kHB+1 (19)

1 .
0 = 45° + 5arcsin
Moreover, to investigate the fracture propagation, Griffith
(1921) developed the fracture mechanics by introducing the pre-
dominant cracking direction on a lower scale:

01— 03

2001 +03) (20)

cos(2y)

where ¥ is the angle between maximum principal stress and
cracking direction.
Hence, Griffith’s fracture angle can be calculated as

8 — 90° — Larccos 71— 3 (21)

2930 03)

By adopting a tangent line to connect a series of Mohr's circles,
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the internal friction angle of granite is determined as 53.46°. By
substituting this value into Eq. (14), the fracture angle suggested by
Coulomb (1776) is determined as 71.73°, which is independent of
the confining pressure. Similarly, by using Eq. (21), Griffith’s frac-
ture angles under the confining pressures of 5 MPa, 20 MPa and
30 MPa are calculated as 59.31°, 58.34° and 58.21°, respectively. The
similar fracture angles indicate the insensitivity to the principal
stresses of ¢ and ¢3. By comparing the Coulomb’s and Griffith’s
fracture angles, there is a constant difference of about 12.5°. Such a
large deviation could not be ignored but presents a huge
complexity of predicting fracture angle (Fig. 19a).

Considering the nonlinearity of the envelope, Mohr’s fracture
angle is dependent on the varying internal friction angle and Hoek-
Brown'’s fracture angle is influenced by the changing correlation
between ¢; and 3. Correspondingly, three fracture angles sug-
gested by Mohr are calculated as 71°, 67.5° and 65°, as well as
72.66°,67.92° and 68.2° from the Hoek-Brown model (Fig. 19b). The
Mohr’s angle decreases with the increasing confining pressure,
presenting a good monotonicity. However, Hoek-Brown'’s solution
shows a non-monotonic trend. Nevertheless, two kinds of fracture
angle prediction are very close. The above four models are not
obtained from theoretical solution but a deep observation of frac-
ture propagation influenced by intrinsically physical property such
as internal friction angle or external factors such as two principal
stresses of 0 and o3.

A good strategy to verify accuracy is to make a proper compar-
ison between predicating values and measured fracture angles.
Conventionally, the fracture angle is measured based on the frac-
ture edge on the outer surface of the granite cylinder. Two as-
sumptions including the ignorable curvature of the 3D rough
surface and reasonable substitutability of taking line instead of
curved edge need to be made (Fig. 19c). Through such

simplification, three fracture angles are measured as 73.2°, 74.5°
and 74°. Fig. 18d shows the comparison of measured fracture angle
and cluster-based statistics. Here, considering two conjugated
shear fractures, the average cluster-based angles in Fig. 19d are
taken from Fig. 14a. Although the proximity of two groups of
fracture angles can verify the effective prediction by the cluster
model, the result may not support the higher precision of the
cluster model than the four empirical models. The most important
reasons are the inaccuracy of measurement and non-ignorable
fluctuation of evolutional fracture angle.

In general, there is a decreasing sequence of fracture angles
obtained from cluster model, measurement, Coulomb (1776), Hoek
(1998) and Hoek and Brown (2019), Mohr (1882) and Griffith
(1921). In all the models, three maximum differences of fracture
angles are 14.59°, 18.23° and 18.34° corresponding to confining
pressures of 5 MPa, 20 MPa and 30 MPa, respectively. Taking the
solution from Coulomb (1776) as a benchmark, three errors are
calculated as 20.34%, 25.41% and 25.57%, respectively. Some ideal
fractures satisfying plane assumption may support one of the
models, but most fractures have a complex network presenting
extreme complexity in geometry and huge difficulty in measure-
ment. Formation of the fracture surface is a dynamic process, which
indicates an evolution of fracture angle. On the one hand, the
fracture angle may be influenced by external factors, such as stress
on a large scale. On the other hand, it may be dominated by the
intrinsic material property, such as internal friction angle on a local
scale. Unlike the four empirical models (Coulomb, 1776; Mohr,
1882; Griffith, 1921; Hoek, 1998; Hoek and Brown, 2019) focusing
on the stress or internal friction angle, the cluster model is based on
the spatial correlation of AE signal cloud. Similar to the real-time AE
monitoring technology, the cluster model could also be used to
dynamically measure the fracture angle.
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measurement for (d) the measured angle and cluster-based angle.

Fig. 20a shows the evolution of fracture angle at six states for
three samples as well as its fluctuation evaluation by deviations
dependent on three benchmarks of average fracture angle fayg
(Fig. 20b), minimum fracture angle 6,,;, (Fig. 20c) and final frac-
ture angle 6 (Fig. 20d). There is no regular relationship between
fracture angle and volumetric strain but presenting a strong
fluctuation. Three corresponding maximum differences of fracture
angles are determined as 5.1°, 7.05° and 4.45°. Compared to their
original values, the fracture angle differences are not large.
Considering the average fracture angle as a benchmark, the de-
viation is defined as 6 = \(0 — Oavg) /lavg|, as well as other two
definitions of 6 = |(f —0yin) /Omin| and 6 = ((0%) /af\ for mini-
mum fracture angle and final fracture angle at peak stress. Three
groups of deviations for the average, minimum and final fracture
angles are below 8%, 10% and 10%, respectively. In the absence of
the true fracture angles, it is hard to make an accurate judgment of
the ceiling level of three deviations being reasonable or not.
However, it supports the proper acceptance of evolutional fracture
angle, not a unique value. Therefore, the AE-based cluster model
provides an additional way to investigate the evolutional fracture
angle.

5. Conclusions

Aiming at correlating dilatancy behavior and fracture network
under triaxial compression, the AE signal cloud is analyzed
considering its spatial correlation. Three granite samples are used
to carry out the triaxial compression tests under confining

pressures of 5 MPa, 20 MPa and 30 MPa to collect the AE signals.
The main conclusions are drawn as follows:

(1) A cube cluster approach is effectively established to describe
the spatial correlation of randomly distributed AE signals. On
this basis, the correlation analysis between dilatancy
behavior and AE signal cloud is made. The description of the
invisible fracture network is indirectly realized by the evo-
lutional cube cluster. To make a quantitative analysis, two
descriptors including three-axis length sum and pore frac-
tion of cube clusters are introduced and both show a strong
linear dependence on the dilatancy behavior. It verifies the
sensitiveness of established cube cluster to the dilatancy
behavior.

(2) The cube cluster model provides a new tool to calculate the
evolutional damage under triaxial compression. Two calcu-
lations of damage are compared based on the increasing
dilatancy and porosity from the cube cluster. Both show that
there is a linear dependence of final damage on the
increasing increment of volumetric strain. However, the de-
viation by two methods exists, proving the complexity of
accurately calculating the evolutional damage.

(3) Based on the cube cluster approach, the prediction of fracture
angle is feasible by modeling the spatial correlation of the
evolutional AE signal cloud. For three granite samples under
different confining pressures, the inside view of two dip
angles shows a strong linear dependence on the volumetric
strain increment. There is an obvious deviation of fracture
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angles predicted by four empirical models, which presents a
huge difficulty in describing the curved fracture by a unique
descriptor. The small differences of cluster-based and
measured angles verify the effectiveness of using the cube
cluster model to calculate the fracture angle.
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List of symbols

de, be,ce Major intermediate and minor lengths
d Distance

e er Void ratio and its arbitrary value

Xc,Yc,Zc Three centroid coordinates

A, Anp Cross-sectional area and area increment

Am,Ap  Solid area and void area

D Damage

Fe¢ Damage driving force

B¢,Fg  Parameters controlling damage evolution rate and initial
damage threshold

¢ Pore fraction or porosity

0 Fracture angle

1) Internal friction angle

Tm Shear stress

v Angle between maximum principal stress and cracking
direction

01,03 Maximum and minimum principal stresses

ac Uniaxial compressive strength

0 Cube length

e6q Equivalent strain

Aegy Volumetric strain increment

i, br Initial and arbitrary porosities

m,s Parameters controlling rock softness and broken level

kug, kmc Envelope slope

e Total strain tensor

I Symmetric fourth-order unit tensor
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